
Pl
as

m
a

So
ur

ce
s

Sc
i.

Te
ch

no
l.

9
(2

00
0)

52
8–

54
0.

Pr
in

te
d

in
th

e
U

K
PI

I:
S0

96
3-

02
52

(0
0)

15
18

8-
6

E
le

ct
ro

n
ki

n
et

ic
s

in
at

o
m

ic
an

d
m

o
le

cu
la

r
p

la
sm

as

C
M

F
er

re
ir

a
an

d
J

L
o

u
re

ir
o

C
en

tr
o

de
Fı́

si
ca

do
s

Pl
as

m
as

,I
ns

tit
ut

o
Su

pe
ri

or
T

éc
ni

co
,1

04
9-

00
1

L
is

bo
a,

Po
rt

ug
al

R
ec

ei
ve

d
1

D
ec

em
be

r
19

99
,i

n
fin

al
fo

rm
22

M
ay

20
00

A
b

st
ra

ct
.

In
th

e
fir

st
pa

rt
of

th
is

pa
pe

r
w

e
br

ie
fly

re
vi

ew
so

m
e

ba
si

c
co

nc
ep

ts
of

ki
ne

tic
th

eo
ry

.
T

he
co

nc
ep

to
f

th
e

ve
lo

ci
ty

di
st

ri
bu

tio
n

fu
nc

tio
n

is
fir

st
in

tr
od

uc
ed

an
d

its
m

ea
ni

ng
is

di
sc

us
se

d.
T

he
n,

th
e

B
ol

tz
m

an
n

eq
ua

tio
n

is
pr

es
en

te
d

on
ph

ys
ic

al
gr

ou
nd

s
an

d
it

is
sh

ow
n

th
at

th
e

flu
id

eq
ua

tio
ns

ar
e

its
m

om
en

ts
.

In
th

e
se

co
nd

pa
rt

,t
he

B
ol

tz
m

an
n

eq
ua

tio
n

fo
r

fr
ee

el
ec

tr
on

s
in

a
lo

w
-t

em
pe

ra
tu

re
pl

as
m

a
is

an
al

ys
ed

.
It

is
sh

ow
n

ho
w

th
is

eq
ua

tio
n

ca
n

ap
pr

ox
im

at
el

y
be

so
lv

ed
fo

r
el

ec
tr

on
s

un
de

r
a

H
F

fie
ld

of
fr

eq
ue

nc
y
ω

(i
nc

lu
di

ng
th

e
pa

rt
ic

ul
ar

ca
se

of
a

dc
fie

ld
,w

hi
ch

co
rr

es
po

nd
s

to
th

e
lim

it
ω

=
0)

by
us

in
g

a
fir

st
-o

rd
er

do
ub

le
ex

pa
ns

io
n

in
sp

he
ri

ca
lh

ar
m

on
ic

s
in

ve
lo

ci
ty

sp
ac

e
an

d
a

Fo
ur

ie
r

se
ri

es
in

tim
e.

T
he

el
ec

tr
on

tr
an

sp
or

tp
ar

am
et

er
s,

pa
rt

ic
le

ba
la

nc
e

an
d

en
er

gy
ba

la
nc

e
ar

e
an

al
ys

ed
fr

om
a

ge
ne

ra
lp

oi
nt

of
vi

ew
.

Fi
na

lly
,a

n
ap

pl
ic

at
io

n
to

ar
go

n
an

d
ni

tr
og

en
is

gi
ve

n.
T

he
ef

fe
ct

s
of

ch
an

ge
s

in
th

e
fie

ld
fr

eq
ue

nc
y

on
th

e
el

ec
tr

on
en

er
gy

di
st

ri
bu

tio
n

fu
nc

tio
n,

tr
an

sp
or

t
pa

ra
m

et
er

s
an

d
po

w
er

ba
la

nc
e

ar
e

di
sc

us
se

d.
T

he
im

po
rt

an
ce

of
th

e
co

up
lin

g
be

tw
ee

n
th

e
el

ec
tr

on
an

d
th

e
vi

br
at

io
na

lk
in

et
ic

s
in

N
2

is
em

ph
as

iz
ed

.

1.
In

tr
o

d
u

ct
io

n
to

ki
n

et
ic

th
eo

ry

In
th

is
se

ct
io

n
w

e
br

ie
fly

re
vi

ew
so

m
e

ba
si

c
co

nc
ep

ts
of

ki
ne

tic
th

eo
ry

w
hi

ch
ar

e
es

se
nt

ia
li

n
or

de
r

to
un

de
rs

ta
nd

th
e

tr
ea

tm
en

to
f

th
e

el
ec

tr
on

ki
ne

tic
s

to
be

m
ad

e
la

te
r.

D
et

ai
le

d
an

al
ys

es
of

ki
ne

tic
th

eo
ry

ca
n

be
fo

un
d

in
m

an
y

te
xt

bo
ok

s
ei

th
er

at
an

el
em

en
ta

ry
or

an
ad

va
nc

ed
le

ve
l,

an
d

th
e

re
ad

er
sh

ou
ld

re
fe

rt
o

su
ch

bo
ok

s
(e

.g
.[

1–
3]

)f
or

m
or

e
in

fo
rm

at
io

n.

1.
1.

T
he

m
ea

ni
ng

of
th

e
ve

lo
ci

ty
di

st
ri

bu
ti

on
fu

nc
ti

on

T
he

re
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us
e

a
tr

ea
tm

en
tc

al
le

d
ki

ne
tic

th
eo

ry
.

In
flu

id
th

eo
ry

,
th

e
ve

lo
ci

ty
di

st
ri

bu
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n
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ra
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e
ve

lo
ci

ty
di

st
ri

bu
tio

n
fu

nc
tio

n
F
(r

,
v
,
t)

of
a

gi
ve

n
sp

ec
ie

s
re

pr
es

en
ts

th
e

nu
m

be
r

of
pa

rt
ic

le
s

of
th

at
sp

ec
ie

s
pe

r
un

it
vo

lu
m

e
of

th
e

si
x-

di
m

en
si

on
al

ph
as

e
sp

ac
e

at
po

si
tio

n
(r

,
v
)

an
d

tim
e
t.

T
hi

s
m

ea
ns

th
at

th
e

nu
m

be
r

of
pa

rt
ic

le
s

pe
r

un
it

vo
lu

m
e

in
co

nfi
gu

ra
tio

n
sp

ac
e

w
ith

ve
lo

ci
ty

co
m

po
ne

nt
s

be
tw

ee
n

v
x

an
d
v
x

+
dv

x
,
v
y

an
d
v
y

+
dv

y
,a

nd
v
z

an
d
v
z

+
dv

z
at

tim
e
t

is

F
(x

,
y
,
z
,
v
x
,
v
y
,
v
z
,
t)

dv
x

dv
y

dv
z
.

W
he

n
w

e
co

ns
id

er
ve

lo
ci

ty
di

st
ri

bu
tio

ns
,

w
e

th
er

ef
or

e
ha

ve
se

ve
n

in
de

pe
nd

en
t

sc
al

ar
va

ri
ab

le
s:

( r
,
v
,
t)

.
T

he
de

ns
ity

in
co

nfi
gu

ra
tio

n
sp

ac
e

n
=

n
( r

,
t)

,
w

hi
ch

is
a

fu
nc

tio
n

of
on

ly
fo

ur
sc

al
ar

va
ri

ab
le

s,
is

ob
ta

in
ed

by
in

te
gr

at
io

n
of

F
( r

,
v
,
t)

ov
er

ve
lo

ci
ty

sp
ac

e,
th

at
is

n
( r

,
t)

=
∫ ∞ −∞

dv
x

∫ ∞ −∞
dv

y

∫ ∞ −∞
dv

z
F
(r

,
v
,
t)

=
∫ ∞ −∞

F
(r

,
v
,
t)

d3
v
.

(1
)

It
is

of
te

n
co

nv
en

ie
nt

to
no

rm
al

iz
e

th
e

ve
lo

ci
ty

di
st

ri
bu

tio
n

to
un

ity
,i

n
w

hi
ch

ca
se

it
re

pr
es

en
ts

a
pr

ob
ab

ili
ty

.
T

hu
s,

if
w

e
de

no
te

th
is

pr
ob

ab
ili

ty
by

f
,w

e
ha

ve

F
( r

,
v
,
t)

=
n
(r

,
t)
f
(r

,
v
,
t)

(2
)

w
ith

∫ ∞ −∞
f
(r

,
v
,
t)

d3
v

=
1.

(3
)

Fo
re

xa
m

pl
e,

th
e

M
ax

w
el

lia
n

di
st

ri
bu

tio
n

no
rm

al
iz

ed
to

un
ity

is
:

f
M

=
(m

/
2π

K
T
)3/

2
ex

p(
−m

v
2
/
2K

T
)

(4
)

w
he

re
v

≡
(v

2 x
+
v

2 y
+
v

2 z
)1/

2
an

d
m

is
th

e
pa

rt
ic

le
m

as
s.

T
he

re
ar

e
se

ve
ra

l
av

er
ag

e
ve

lo
ci

tie
s

of
a

M
ax

w
el

lia
n

di
st

ri
bu

tio
n

th
at

ar
e

co
m

m
on

ly
us

ed
.

T
he

ro
ot

-m
ea

n-
sq

ua
re

(r
m

s)
ve

lo
ci

ty
is

gi
ve

n
by

( v
2
)1/

2
=

(3
K
T
/
m
)1/

2
.

(5
)

T
he

av
er

ag
e

m
ag

ni
tu

de
of

th
e

ve
lo

ci
ty

,v
,i

s
fo

un
d

as
fo

llo
w

s:

v
=

∫ ∞ −∞
vf

(v
)

d3
v
.

(6
)

09
63

-0
25

2/
00

/0
40

52
8+

13
$3

0.
00

©
20

00
IO

P
Pu

bl
is

hi
ng

L
td

E
le

ct
ro

n
ki

ne
tic

s
in

at
om

ic
an

d
m

ol
ec

ul
ar

pl
as

m
as

Si
nc

e
f
M

is
is

ot
ro

pi
c,

th
e

in
te

gr
al

is
m

os
t

ea
si

ly
w

ri
tte

n
in

sp
he

ri
ca

lc
oo

rd
in

at
es

in
v

sp
ac

e
an

d
ta

ki
ng

in
to

ac
co

un
tt

ha
t

th
e

vo
lu

m
e

el
em

en
to

fe
ac

h
sp

he
ri

ca
ls

he
ll

is
4π

v
2

dv
.

A
ft

er
so

m
e

si
m

pl
e

ca
lc

ul
at

io
ns

,o
ne

ob
ta

in
s

v
=

2(
2K

T
/
π
m
)1/

2
.

(7
)

T
he

ve
lo

ci
ty

co
m

po
ne

nt
in

a
si

ng
le

di
re

ct
io

n,
sa

y
v
x
,

ha
s

a
di

ff
er

en
t

av
er

ag
e.

O
f

co
ur

se
,
v
x

va
ni

sh
es

fo
r

an
is

ot
ro

pi
c

di
st

ri
bu

tio
n,

bu
t|v

x
|d

oe
s

no
t:

|v x
|=

∫ |v x
|f M

(v
)

d3
v

=
(2
K
T
/
π
m
)1/

2
.

(8
)

T
he

ra
nd

om
flu

x
cr

os
si

ng
an

im
ag

in
ar

y
pl

an
e

fr
om

on
e

si
de

to
th

e
ot

he
r

is
gi

ve
n

by

�
ra

nd
om

=
1 2
n
|v x

|=
1 4
n
v
.

(9
)

Fo
r

an
is

ot
ro

pi
c

di
st

ri
bu

tio
n

lik
e

a
M

ax
w

el
lia

n,
it

is
us

ef
ul

to
de

fin
e

an
ot

he
r

di
st

ri
bu

tio
n

g
(v

)
w

hi
ch

is
on

ly
a

fu
nc

tio
n

of
th

e
sc

al
ar

m
ag

ni
tu

de
of

v
su

ch
th

at

∫ ∞ 0
g
(v

)
dv

=
∫ ∞ −∞

f
(v

)
d3

v
.

(1
0)

T
hu

s,
g
(v

)
=

4π
v

2
f

,s
o

th
at

fo
r

a
M

ax
w

el
lia

n
w

e
ha

ve

g
(v

)
=

4π
(m

/
2π

K
T
)3/

2
v

2
ex

p(
−m

v
2
/
2K

T
).

(1
1)

N
ot

e
th

at
f
M
(v

)
is

a
m

ax
im

um
fo

r
v

=
0,

bu
t
g
(v

)
is

ze
ro

.
T

hi
s

is
ju

st
a

co
ns

eq
ue

nc
e

of
th

e
va

ni
sh

in
g

of
th

e
vo

lu
m

e
in

ph
as

e
sp

ac
e

fo
r
v

=
0.

1.
2.

T
he

B
ol

tz
m

an
n

eq
ua

ti
on

In
lo

w
te

m
pe

ra
tu

re
pl

as
m

as
,t

he
di

st
ri

bu
tio

n
of

ea
ch

sp
ec

ie
s

F
( r

,
v
,
t)

sa
tis

fie
s

in
ge

ne
ra

l
th

e
w

el
l-

kn
ow

n
B

ol
tz

m
an

n
eq

ua
tio

n:

∂
F ∂
t

+
v

·∇
F

+
X m

·∂
F ∂
v

=
( ∂

F ∂
t

) c

.
(1

2)

H
er

e
X

is
th

e
fo

rc
e

ac
tin

g
on

th
e

pa
rt

ic
le

s,
an

d
(∂

F
/
∂
t)

c
is

th
e

tim
e

ra
te

of
ch

an
ge

of
F

du
e

to
co

lli
si

on
s.

C
on

si
de

ri
ng

,
fo

r
ex

am
pl

e,
fr

ee
el

ec
tr

on
s,

th
is

co
lli

si
on

te
rm

m
us

ta
cc

ou
nt

fo
r

el
as

tic
an

d
in

el
as

tic
el

ec
tr

on
–n

eu
tr

al
co

lli
si

on
s,

an
d,

at
re

la
tiv

el
y

hi
gh

de
gr

ee
s

of
io

ni
za

tio
n,

fo
r

el
ec

tr
on

–e
le

ct
ro

n
an

d
el

ec
tr

on
–i

on
co

lli
si

on
s.

T
he

sy
m

bo
l ∇

st
an

ds
,a

s
us

ua
l,

fo
r

th
e

gr
ad

ie
nt

in
co

nfi
gu

ra
tio

n
sp

ac
e
(x

,
y
,
z
)

w
hi

le
th

e
sy

m
bo

l∂
/
∂
v

or
∇

v
st

an
ds

fo
rt

he
gr

ad
ie

nt
in

ve
lo

ci
ty

sp
ac

e:

∂ ∂
v

=
x̂

∂

∂
v
x

+
ŷ
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ea

kd
ow

n
ch

ar
ac

te
ri

st
ic

s
[1

1]
.

N
ot

e
th

at
th

es
e

ch
ar

ac
te

ri
st

ic
s

im
pl

ic
itl

y
sa
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fy

th
e

eq
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tio
n
D

e
/
�

2
=

ν
i,
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nc

e
th

e
la

tte
r
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ac
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ed

by
in
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gr

at
io

n
of

(4
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,w
ith

u
s
=

0,
ov

er
al

le
ne

rg
ie

s.
In

a
qu
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in

eu
tr

al
,

di
ff
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io

n-
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nt
ro

lle
d

di
sc
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e
at
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ffi

ci
en

tly
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s
D

s
�

D
a
,w
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D
a

=
μ

iD
e

+
μ

e
D

i

μ
e

+
μ

i

(4
9)
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e
w
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l

kn
ow
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r

di
ff
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n
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ef
fic

ie
nt

[1
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(μ
i
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d

D
i
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e
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e
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n

m
ob
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ty

an
d

di
ff
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n
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ef
fic

ie
nt

s,
re
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ec

tiv
el

y)
.

In
th

is
ca

se
,

w
e

ha
ve

fr
om

eq
ua

tio
n

(4
6)

u
s

=
(D

e
−

D
a
)/
μ

e
;

si
nc

e
D

a
�

D
e
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e
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s
u
s

≈
u
k
,

w
he

re
u
k

=
D

e
/
μ

e
is

th
e

el
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tr
on

ch
ar
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te

ri
st

ic
en

er
gy

ex
pr
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se

d
in
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ec

tr
on
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lts

.
T

hu
s,

in
pr

in
ci

pl
e

w
e

ca
n

al
so
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lv

e
eq

ua
tio

n
(4

8)
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�

e
=

�
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d
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=
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k
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ta
in
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sc
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s
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nt
en
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fie
ld

ex
pr
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in
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e
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E
p
/
N
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N
�
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r
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/
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.
T

he
so
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tio
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w
ar

e
m
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e
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to
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ta
in

th
an
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re
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w

n
co
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si
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e
u
k
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f
is

a
fu

nc
tio
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l

of
f
(u

).
T

he
so

lu
tio
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m
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t
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su

ch
th

at
th

e
eq

ua
tio

n
D

a
/
�

2
=

ν
i

is
im

pl
ic

itl
y

sa
tis

fie
d,

si
nc

e
th
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eq

ua
tio

n
is

ex
ac

tly
ob

ta
in

ed
by

in
te

gr
at

io
n

of
(4

8)
ov

er
al

le
ne

rg
ie

s.
In

sp
ite

of
th

e
si

m
pl

ifi
ca

tio
ns

in
tr

od
uc

ed
,

so
lv

in
g

eq
ua

tio
n

(4
8)

is
st

ill
a

co
m

pl
ex

pr
ob

le
m
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qu

ir
in

g
a

gr
ea

td
ea

l
of

nu
m

er
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al
w

or
k.

T
he

pr
ob

le
m

is
co

ns
id

er
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ly
si

m
pl

ifi
ed

,
ho

w
ev

er
,

w
he

n
th

e
di

ff
us

io
n

te
rm

ca
n

be
ne

gl
ec

te
d.

T
hi

s
te

rm
is

in
th

e
ra

tio
(N

�
e
)−

2
to

th
e
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m

ai
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ng
te

rm
s

in
eq

ua
tio

n
(4

8)
,

an
d

ca
n

be
ne

gl
ec

te
d

at
su

ffi
ci

en
tly

hi
gh

pr
es

su
re

s.
In

th
is

ca
se

(4
8)

re
du

ce
s

to
th

e
m

uc
h

si
m

pl
er

fo
rm

−
2 3

d du

[ u
3/

2
ν
c

( u
c

df du
+

3m M
f

)] =
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−
ν
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−

ν
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f

√ u (5
0)

w
hi

ch
is

ca
lle

d
th

e
ho

m
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en
eo
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B

ol
tz

m
an

n
eq

ua
tio

n.
T

hi
s

is
a
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nt
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eq

ua
tio

n
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)
al

on
g

th
e

en
er
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on
e,

ex
pr
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ng
th

e
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ct
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th

e
ch

an
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in
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e
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le
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ro
n

up
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x
(t

he
ne

t
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x
re
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lti

ng
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om
th

e
ap

pl
ie

d
fie

ld
an

d
th

e
el
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tic

re
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il
lo
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)i
n

an
en

er
gy

in
te

rv
al
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eq
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lt
o

th
e

di
ff

er
en

ce
be

tw
ee

n
th

e
ra

te
s

of
th

e
re

-i
nt

ro
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io

n
an

d
th

e
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m
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el
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tr
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s
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el
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co
lli
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W

he
n

th
e

di
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io

n
te

rm
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ne
gl
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te

d
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e
m
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t

al
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ne
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t,

fo
r
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te
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th
e
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w

el
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tr
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s
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io
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tio

n
(s
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th
e

di
ff

us
io

n
te

rm
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tly
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m

pe
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r

th
e

ra
te

of
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th
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e

ne
w

el
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.

In
th

is
ca

se
,

io
ni

za
tio

n
m

us
tb

e
tr

ea
te

d
lik

e
an

or
di

na
ry

ex
ci

ta
tio

n
pr
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es

s
an

d
∫ ∞ 0

q
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)√ u
du

=
ν
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+
ν
i.

T
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ne
gl

ec
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f
th

e
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n
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d
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th

e
so
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ne

w
el
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on
s
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is
si
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as
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e
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ss
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ed
w
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e
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tio
n
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e

m
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h
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r
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e
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lti
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om
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tio

n
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el
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re
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il.

In
m

os
t
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tiv

e
pl
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m
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,

at
no

t
to

o
lo

w
pr

es
su

re
s,

on
e

in
de

ed
fin

ds
th

at
ν
x

�
ν
i,

an
d

so
eq

ua
tio

n
(5

0)
us

ua
lly
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a
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od
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pr

ox
im

at
io

n.
N

ot
e,

ho
w

ev
er

,
th
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r
th

e
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of

di
sc

ha
rg

e
m

od
el

lin
g

on
e

m
us

tt
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e
in

to
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co
un

t
th

e
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ec
tr

on
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nt
in

ui
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eq
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tio
n

in
de

pe
nd

en
tly

of
(5

0)
,s

in
ce

th
e

fo
rm

er
is

no
lo

ng
er

im
pl

ic
it

in
th

e
la

tte
r

(a
s

w
as

th
e

ca
se

in
eq

ua
tio

ns
(4

8)
an

d
(2

8)
).

W
he

n
us

in
g

(5
0)

,
th

e
m

od
el

lin
g

of
a

di
sc

ha
rg

e
ca

n
pr

oc
ee

d
vi

a
tw

o
in

de
pe

nd
en

t,
su

cc
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si
ve

st
ep

s.
Fi

rs
t,

eq
ua

tio
n

(5
0)

is
so

lv
ed

an
d

th
e

el
ec

tr
on

tr
an

sp
or

t
an

d
co

lli
si

on
al

ra
te
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ef

fic
ie

nt
s

ar
e

ca
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ul
at

ed
fr

om
f
(u

).
Se

co
nd

,
th
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e
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ta

ar
e

in
se

rt
ed

in
to

th
e

co
nt

in
ui

ty
an

d
th

e
m

om
en

tu
m

tr
an
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er

eq
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tio
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fo
r

th
e

el
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tr
on

s
an

d
th

e
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tte
r

ar
e

so
lv

ed
al

on
g

w
ith

th
e

co
rr

es
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nd
in

g
eq

ua
tio
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r
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e
io
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,

ta
ki

ng
in

to
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t
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pr
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e
bo

un
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ry
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nd
iti

on
s.

T
he

fir
st

st
ep

in
vo

lv
es

tw
o

in
de

pe
nd

en
t

va
ri

ab
le

s
E

p
/
N

an
d

ω
/
N

(f
ro

m
u
c

in
(4

3)
).

T
he

se
co

nd
st

ep
in

vo
lv
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th

e
so

lu
tio

n
of

a
bo

un
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ry
-v
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ue

pr
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m

fr
om

w
hi
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a

re
la

tio
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p
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ee
n
E

p
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N

,
ω
/
N
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d
N
�
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ta
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tio
n.

T
hi

s
re
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p
is

th
e

ch
ar
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te

ri
st
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r
th

e
m
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en
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ce
fie
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.

N
ow

w
e

re
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to

th
e

ge
ne

ra
l

el
ec

tr
on

en
er

gy
ba

la
nc

e
eq

ua
tio

n
(3

7)
in
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de

r
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di
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s
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pr
ox

im
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io
ns
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su

lti
ng

fr
om

eq
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tio
ns

(4
8)

an
d

(5
0)

.
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tic

s
in

at
om

ic
an

d
m
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m
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A
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m
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e
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ra
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le
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n
en
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gy

ba
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eq
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ti
on

T
he
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m
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B
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m
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0)
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e
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w
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g
m
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n
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e
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n
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m
pl

y
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m
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g
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e
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n
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u
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d
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g
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θ
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R
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E
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u
ν
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e
V
j
ν
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+
e
V
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O
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s
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e
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m
e

eq
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tio
n
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(3

7)
w
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th
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x
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e
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ar
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fie
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d.

T
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w
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th
e
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e
H

F
fie
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t
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s
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th
e
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s

m
ol
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he
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y
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e
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e
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w
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N

ot
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N
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a
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n
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E

p
/
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ω
/
N
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e
E

p
/
N
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a
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n

of
N
�
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r
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ω
/
N

(s
ee
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,t

he
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e
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w
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r
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it
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s
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so
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fie
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e
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e
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N
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�
fo
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ns
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ω
/
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.
W

e
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n
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e
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e
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w
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w
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e
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x
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w
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d
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e

w
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d
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e
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e

sp
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fie
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g
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e
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e
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T
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of
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e
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n
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e
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e
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an

d
si

de
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(3
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s
an

or
de

r
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m
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at
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g
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d

(3
3)

w
e
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∇
r
·∫ ∞ 0

1 2
m
v

2
F

1 0
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v
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3
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�
u
∇

r
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er
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po
w
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l
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r
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m
ea

n
en

er
gy

u
.

T
he

po
w

er
lo

st
by

th
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s
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t
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e
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fie
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m
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r
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at
e

th
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ss
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r
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w
e
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a
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m
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at
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W
e
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ev
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e

in
te
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in
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o
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g
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e
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d
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e
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e
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co
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th

e
sh

ea
th

.
A

s
is

w
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,
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ϕ
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/
m
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th
e
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e
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=
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ν
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.
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pr
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F
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F
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−
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∂
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∫ ∞ 0
F

1 e r

4π
v

3

3
dv

=
−∇

r
(D

e
n
e
)
−

μ
e
n
e
E

r
,

(8
a)

�
z
≡

∫ ∞ 0
F

1 e z

4π
v

3

3
dv

=
−μ

e
n
e
E

z
,

(8
b)

w
he

re
�

r
an

d
�

z
ar

e
th

e
ra

di
al

an
d

ax
ia

l
co

m
po

ne
nt

s
of

� �,
i.e

.
� �

=
�

r
�e r

+
�

z
�e z.

In
eq

ua
tio

ns
(8

a)
,(

8b
),

th
e

qu
an

tit
ie

s
D

e

an
d
μ

e
ar

e,
re

sp
ec

tiv
el

y,
th

e
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el

ec
tr

o
n

en
er

g
y

d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n
.

S
u

ch
co

ef
fi

ci
en

ts
ar

e
u

su
al

ly
ca

lc
u

la
te

d
fr

o
m

co
ll

is
io

n
cr

o
ss

-s
ec

ti
o

n
d

at
a

b
y

so
lv

in
g

th
e

el
ec

tr
o

n
B

o
lt

zm
an

n
eq

u
at

io
n

(B
E

).
In

th
is

p
ap

er
w

e
p

re
se

n
t

a
n

ew
u

se
r-

fr
ie

n
d

ly
B

E
so

lv
er

d
ev

el
o

p
ed

es
p

ec
ia

ll
y

fo
r

th
is

p
u

rp
o

se
,

fr
ee

ly
av

ai
la

b
le

u
n

d
er

th
e

n
am

e
B

O
L

S
IG

+
,
w

h
ic

h
is

m
o

re
g

en
er

al
an

d
ea

si
er

to
u

se
th

an
m

o
st

o
th

er
B

E
so

lv
er

s
av

ai
la

b
le

.
T

h
e

so
lv

er
p

ro
v

id
es

st
ea

d
y

-s
ta

te
so

lu
ti

o
n

s
o

f
th

e
B

E
fo

r
el

ec
tr

o
n

s
in

a
u

n
if

o
rm

el
ec

tr
ic

fi
el

d
,

u
si

n
g

th
e

cl
as

si
ca

l
tw

o
-t

er
m

ex
p

an
si

o
n

,
an

d
is

ab
le

to
ac

co
u

n
t

fo
r

d
if

fe
re

n
t

g
ro

w
th

m
o

d
el

s,
q

u
as

i-
st

at
io

n
ar

y
an

d
o

sc
il

la
ti

n
g

fi
el

d
s,

el
ec

tr
o

n
–

n
eu

tr
al

co
ll

is
io

n
s

an
d

el
ec

tr
o

n
–

el
ec

tr
o

n
co

ll
is

io
n

s.
W

e
sh

o
w

th
at

fo
r

th
e

ap
p

ro
x

im
at

io
n

s
w

e
u

se
,

th
e

B
E

ta
k
es

th
e

fo
rm

o
f

a
co

nv
ec

ti
o

n
-d

if
fu

si
o

n
co

n
ti

n
u

it
y

-e
q

u
at

io
n

w
it

h
a

n
o

n
-l

o
ca

l
so

u
rc

e
te

rm
in

en
er

g
y

sp
ac

e.
T

o
so

lv
e

th
is

eq
u

at
io

n
w

e
u

se
an

ex
p

o
n

en
ti

al
sc

h
em

e
co

m
m

o
n

ly
u

se
d

fo
r

co
nv

ec
ti

o
n

-d
if

fu
si

o
n

p
ro

b
le

m
s.

T
h

e
ca

lc
u

la
te

d
el

ec
tr

o
n

tr
an

sp
o

rt
co

ef
fi

ci
en

ts
an

d
ra

te
co

ef
fi

ci
en

ts
ar

e
d

efi
n

ed
so

as
to

en
su

re
m

ax
im

u
m

co
n

si
st

en
cy

w
it

h
th

e
fl

u
id

eq
u

at
io

n
s.

W
e

d
is

cu
ss

h
o
w

th
es

e
co

ef
fi

ci
en

ts
ar

e
b

es
t

u
se

d
in

fl
u

id
m

o
d

el
s

an
d

il
lu

st
ra

te
th

e
in

fl
u

en
ce

o
f

so
m

e
es

se
n

ti
al

p
ar

am
et

er
s

an
d

ap
p

ro
x

im
at

io
n

s.

1
.

In
tr

o
d

u
ct

io
n

F
lu

id
m

o
d
el

s
o
f

g
as

d
is

ch
ar

g
es

d
es

cr
ib

e
th

e
tr

an
sp

o
rt

o
f

el
ec

tr
o
n
s,

io
n
s

an
d

p
o
ss

ib
ly

o
th

er
re

ac
ti

v
e

p
ar

ti
cl

e
sp

ec
ie

s
b
y

th
e

fi
rs

t
fe

w
m

o
m

en
ts

o
f

th
e

B
o
lt

zm
an

n
eq

u
at

io
n

(B
E

):
(1

)
th

e

co
n
ti

n
u
it

y
eq

u
at

io
n
,

(2
)

th
e

m
o
m

en
tu

m
eq

u
at

io
n
,

u
su

al
ly

ap
p
ro

x
im

at
ed

b
y

th
e

d
ri

ft
-d

if
fu

si
o
n

eq
u
at

io
n

an
d

(3
)

th
e

en
er

g
y

eq
u
at

io
n
,

u
su

al
ly

o
n
ly

fo
r

el
ec

tr
o
n
s.

E
ac

h
o
f

th
es

e

eq
u
at

io
n
s

co
n
ta

in
s

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

o
r

ra
te

co
ef

fi
ci

en
ts

w
h
ic

h
re

p
re

se
n
t

th
e

ef
fe

ct
o
f

co
ll

is
io

n
s

an
d

w
h
ic

h
ar

e
in

p
u
t

d
at

a
fo

r
th

e
fl

u
id

m
o
d
el

[ 1
–

4
]

(s
ee

al
so

re
fe

re
n
ce

s
th

er
ei

n
).

T
ra

n
sp

o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

m
ay

b
e

ra
th

er
sp

ec
ifi

c
fo

r
th

e
d
is

ch
ar

g
e

co
n
d
it

io
n
s.

In
p
ar

ti
cu

la
r,

co
ef

fi
ci

en
ts

co
n
ce

rn
in

g
el

ec
tr

o
n
s

d
ep

en
d

o
n

th
e

el
ec

tr
o
n

en
er

g
y

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n

(E
E

D
F

),
w

h
ic

h
in

g
en

er
al

is

n
o
t

M
ax

w
el

li
an

b
u
t

v
ar

ie
s

co
n
si

d
er

ab
ly

d
ep

en
d
in

g
o
n

th
e

co
n
d
it

io
n
s.

F
o
r

si
m

p
le

co
n
d
it

io
n
s

(s
w

ar
m

ex
p
er

im
en

ts
)

an
d

co
m

m
o
n

g
as

es
,

th
e

el
ec

tr
o
n

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

h
av

e
b
ee

n
m

ea
su

re
d

an
d

ta
b
u
la

te
d

as
fu

n
ct

io
n
s

o
f

th
e

re
d
u
ce

d
el

ec
tr

ic
fi

el
d

E
/
N

(r
at

io
o
f

th
e

el
ec

tr
ic

fi
el

d

st
re

n
g
th

to
th

e
g
as

p
ar

ti
cl

e
n
u
m

b
er

d
en

si
ty

)
[5

].

In
g
en

er
al

,
th

e
E

E
D

F
an

d
th

e
el

ec
tr

o
n

co
ef

fi
ci

en
ts

fo
r

th
e

g
iv

en
d
is

ch
ar

g
e

co
n
d
it

io
n
s

ca
n

b
e

ca
lc

u
la

te
d

fr
o
m

th
e

fu
n
d
am

en
ta

l
co

ll
is

io
n

cr
o
ss

-s
ec

ti
o
n

d
at

a
b
y

so
lv

in
g

th
e

el
ec

tr
o
n

B
E

[ 6
].

A
co

m
m

o
n

ap
p
ro

ac
h

is
to

so
lv

e
so

m
e

ap
p
ro

x
im

at
io

n
o
f

th
e

B
E

fo
r

a
se

ri
es

o
f

re
d
u
ce

d
el

ec
tr

ic
-

fi
el

d
v
al

u
es

an
d

to
p
u
t

th
e

re
su

lt
in

g
co

ef
fi

ci
en

ts
in

ta
b
le

s

v
er

su
s

th
e

re
d
u
ce

d
fi

el
d

o
r

v
er

su
s

th
e

m
ea

n
el

ec
tr

o
n

en
er

g
y

(d
is

re
g
ar

d
in

g
th

e
fi

el
d

v
al

u
es

),
w

h
ic

h
ar

e
th

en
u
se

d
in

th
e

fl
u
id

m
o
d
el

to
fi

n
d

th
e

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

b
y

in
te

rp
o
la

ti
o
n
.

F
lu

id
m

o
d
el

s
w

it
h
o
u
t

el
ec

tr
o
n

en
er

g
y

eq
u
at

io
n

tr
ea

t
th

e
el

ec
tr

o
n

co
ef

fi
ci

en
ts

as
fu

n
ct

io
n
s

o
f

th
e

lo
ca

l
re

d
u
ce

d

fi
el

d
;

m
o
d
el

s
w

it
h

an
el

ec
tr

o
n

en
er

g
y

eq
u
at

io
n

tr
ea

t
th

em
as

fu
n
ct

io
n
s

o
f

th
e

lo
ca

l
m

ea
n

el
ec

tr
o
n

en
er

g
y.

T
h
e

B
E

so
lv

er
s

u
se

d
to

g
en

er
at

e
th

e
el

ec
tr

o
n
-r

el
at

ed
in

p
u
t

d
at

a
fo

r
fl

u
id

m
o
d
el

s
ar

e
u
su

al
ly

b
as

ed
o
n

te
ch

n
iq

u
es

d
ev

el
o
p
ed

d
u
ri

n
g

th
e

1
9
7
0
s

an
d

1
9
8
0
s,

w
h
en

m
u
ch

w
o
rk

w
as

d
o
n
e

o
n

th
e

so
lu

ti
o
n

o
f

th
e

B
E

fo
r

th
e

p
u
rp

o
se

o
f

ch
ec

k
in

g
th

e
co

n
si

st
en

cy

0
9
6
3
-0

2
5
2
/0

5
/0

4
0
7
2
2
+

1
2
$
3
0
.0

0
©

2
0
0
5

IO
P

P
u
b
li

sh
in

g
L

td
P

ri
n
te

d
in

th
e

U
K

7
2
2

E
le

ct
ro

n
B

o
lt

zm
an

n
eq

u
at

io
n

so
lv

er
fo

r
fl

u
id

m
o
d
el

s

b
et

w
ee

n
cr

o
ss

-s
ec

ti
o
n

d
at

a
an

d
tr

an
sp

o
rt

co
ef

fi
ci

en
ts

o
r

ra
te

co
ef

fi
ci

en
ts

m
ea

su
re

d
in

d
if

fe
re

n
t

ex
p
er

im
en

ts
[ 7

–
1
6
].

T
h
es

e

so
lu

ti
o
n

te
ch

n
iq

u
es

o
ri

g
in

al
ly

ai
m

ed
at

si
m

u
la

ti
n
g

sp
ec

ifi
c

ex
p
er

im
en

ts
an

d
ca

lc
u
la

ti
n
g

th
e

ex
ac

t
p
h
y
si

ca
l

q
u
an

ti
ti

es

m
ea

su
re

d
in

th
es

e
ex

p
er

im
en

ts
w

it
h

h
ig

h
n
u
m

er
ic

al
p
re

ci
si

o
n
.

F
o
r

fl
u
id

d
is

ch
ar

g
e

m
o
d
el

li
n
g
,

h
o
w

ev
er

,
o
n
e

h
as

so
m

ew
h
at

d
if

fe
re

n
t

o
b
je

ct
iv

es
:

(1
)

th
e

B
E

so
lv

er
sh

o
u
ld

w
o
rk

o
v
er

a
la

rg
e

ra
n
g
e

o
f

d
is

ch
ar

g
e

co
n
d
it

io
n
s

(r
ed

u
ce

d
el

ec
tr

ic
fi

el
d
,

io
n
iz

at
io

n
d
eg

re
e,

g
as

co
m

p
o
si

ti
o
n
,

fi
el

d
fr

eq
u
en

cy
)

ra
th

er
th

an
si

m
u
la

te
a

sp
ec

ifi
c

ex
p
er

im
en

t;

(2
)

th
e

ca
lc

u
la

te
d

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

sh
o
u
ld

co
rr

es
p
o
n
d

fo
rm

al
ly

to
th

e
sa

m
e

co
ef

fi
ci

en
ts

ap
p
ea

ri
n
g

in
th

e
fl

u
id

eq
u
at

io
n
s

(m
o
m

en
ts

o
f

th
e

B
E

)

ra
th

er
th

an
to

q
u
an

ti
ti

es
m

ea
su

re
d

in
ex

p
er

im
en

ts
;

n
o
te

th
at

th
e

li
te

ra
tu

re
g
iv

es
d
if

fe
re

n
td

efi
n
it

io
n
s

o
f
th

e
tr

an
sp

o
rt

co
ef

fi
ci

en
ts

,
so

m
e

o
f

w
h
ic

h
ar

e
n
o
t

co
m

p
le

te
ly

co
n
si

st
en

t

w
it

h
th

e
fl

u
id

eq
u
at

io
n
s;

(3
)

th
e

er
ro

rs
in

th
e

ca
lc

u
la

te
d

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

sh
o
u
ld

n
o
t

li
m

it
th

e
ac

cu
ra

cy
o
f

th
e

fl
u
id

m
o
d
el

;
th

is
is

a
le

ss
st

ri
ct

re
q
u
ir

em
en

t
th

an
th

e
ex

tr
em

e

p
re

ci
si

o
n

(e
.g

.
0
.1

%
in

th
e

d
ri

ft
v
el

o
ci

ty
)

n
ee

d
ed

fo
r

th
e

cr
o
ss

-s
ec

ti
o
n

te
st

in
g

o
f

th
e

1
9
7
0
s

an
d

1
9
8
0
s;

(4
)

th
e

B
E

so
lv

er
sh

o
u
ld

b
e

fa
st

an
d

re
li

ab
le

w
it

h
o
u
t

ad
h
o
c

ca
lc

u
la

ti
o
n

p
ar

am
et

er
s

to
ad

ju
st

.

T
h
er

e
ex

is
t
se

v
er

al
u
se

r-
fr

ie
n
d
ly

B
E

so
lv

er
s

th
at

ar
e

o
ft

en
u
se

d

an
d

ci
te

d
b
y

au
th

o
rs

in
th

e
fi

el
d

o
f

fl
u
id

d
is

ch
ar

g
e

m
o
d
el

li
n
g
;

w
e

m
en

ti
o
n

in
p
ar

ti
cu

la
r

th
e

co
m

m
er

ci
al

E
L

E
N

D
IF

[ 1
3
]

an
d

th
e

fr
ee

w
ar

e
B

O
L

S
IG

[ 1
7
],

b
u
t

th
er

e
ar

e
m

an
y

o
th

er
s.

T
h
es

e

so
lv

er
s

h
o
w

ev
er

w
er

e
n
o
t

d
es

ig
n
ed

w
it

h
th

e
ab

o
v
e

o
b
je

ct
iv

es

in
m

in
d
:

th
ey

ca
n

b
e

ap
p
li

ed
o
n
ly

fo
r

a
li

m
it

ed
ra

n
g
e

o
f

d
is

ch
ar

g
e

co
n
d
it

io
n
s,

ar
e

in
co

nv
en

ie
n
t

to
g
en

er
at

e
th

e
ta

b
le

s

o
f

co
ef

fi
ci

en
ts

o
r

ar
e

il
l-

d
o
cu

m
en

te
d

(e
sp

ec
ia

ll
y

th
e

p
o
p
u
la

r

B
O

L
S

IG
),

m
ak

in
g

it
d
if

fi
cu

lt
to

ev
al

u
at

e
th

e
ap

p
ro

p
ri

at
en

es
s

o
f

th
ei

r
re

su
lt

s
fo

r
fl

u
id

m
o
d
el

li
n
g
.

F
o
r
y
ea

rs
w

e
h
av

e
fe

lt
th

e
n
ee

d

fo
r
a

n
ew

B
E

so
lv

er
,a

b
le

to
d
ea

lw
it

h
a

la
rg

er
ra

n
g
e

o
f
d
is

ch
ar

g
e

co
n
d
it

io
n
s,

fa
st

er
,
ea

si
er

to
u
se

an
d

p
ay

in
g

m
o
re

at
te

n
ti

o
n

to
a

co
n
si

st
en

t
d
efi

n
it

io
n

o
f

th
e

ca
lc

u
la

te
d

co
ef

fi
ci

en
ts

.
T

h
is

is
th

e

re
as

o
n

w
h
y

w
e

h
av

e
re

ce
n
tl

y
d
ev

el
o
p
ed

a
n
ew

u
se

r-
fr

ie
n
d
ly

B
E

so
lv

er
an

d
m

ad
e

it
fr

ee
ly

av
ai

la
b
le

to
th

e
d
is

ch
ar

g
e

m
o
d
el

li
n
g

co
m

m
u
n
it

y
u
n
d
er

th
e

n
am

e
B

O
L

S
IG

+
[ 1

8
].

In
th

is
p
ap

er
w

e
d
o
cu

m
en

tB
O

L
S

IG
+

in
d
et

ai
l.

W
e

d
is

cu
ss

it
s

p
h
y
si

ca
l

ap
p
ro

x
im

at
io

n
s,

n
u
m

er
ic

al
te

ch
n
iq

u
es

,
ca

lc
u
la

te
d

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

,
an

d
h
o
w

to
u
se

th
es

e
co

ef
fi

ci
en

ts
in

fl
u
id

m
o
d
el

s.
In

d
o
in

g
so

,
w

e
p
ro

v
id

e

an
ex

te
n
si

v
e

d
is

cu
ss

io
n

o
n

th
e

to
p
ic

o
f

so
lv

in
g

th
e

B
E

to

o
b
ta

in
in

p
u
t

d
at

a
fo

r
fl

u
id

m
o
d
el

s.
W

e
b
el

ie
v
e

th
at

th
is

is

ex
tr

em
el

y
u
se

fu
l:

al
th

o
u
g
h

th
e

te
ch

n
iq

u
es

u
se

d
b
y

B
O

L
S

IG
+

an
d

d
es

cr
ib

ed
in

th
is

p
ap

er
m

ay
b
e

w
el

l
k
n
o
w

n
to

B
E

sp
ec

ia
li

st
s,

d
ev

el
o
p
er

s
an

d
u
se

rs
o
f

fl
u
id

m
o
d
el

s
ar

e
o
ft

en

n
o
t

aw
ar

e
o
f

th
em

an
d

h
av

e
li

tt
le

fe
el

in
g

fo
r

th
e

p
re

ci
si

o
n

o
f

th
e

ca
lc

u
la

te
d

co
ef

fi
ci

en
ts

.
T

h
e

ex
is

ti
n
g

li
te

ra
tu

re
o
n

B
E

ca
lc

u
la

ti
o
n
s

is
so

sp
ec

ia
li

ze
d
,f

o
cu

si
n
g

o
n

sp
ec

ifi
c

d
et

ai
ls

,t
h
at

it
is

h
ar

d
to

se
e

th
e

co
n
se

q
u
en

ce
s

fo
r

fl
u
id

m
o
d
el

s.
T

h
is

p
ap

er

lo
o
k
s

at
th

e
B

E
fr

o
m

th
e

p
o
in

t
o
f

v
ie

w
o
f

a
fl

u
id

m
o
d
el

le
r.

2
.

B
o

lt
zm

a
n

n
eq

u
a

ti
o

n
so

lv
er

In
th

e
fo

ll
o
w

in
g

se
ct

io
n
s

w
e

d
o
cu

m
en

t
th

e
p
h
y
si

ca
l

as
su

m
p
ti

o
n
s

an
d

n
u
m

er
ic

al
te

ch
n
iq

u
es

u
se

d
b
y

o
u
r

B
E

so
lv

er
.

W
e

in
d
ic

at
e

th
e

re
la

ti
o
n

w
it

h
p
re

v
io

u
s

w
o
rk

w
it

h
o
u
t

tr
y
in

g
to

b
e

ex
h
au

st
iv

e;
th

e
li

te
ra

tu
re

o
n

th
e

el
ec

tr
o
n

B
E

in
th

is
co

n
te

x
t

is
v
as

t. T
h
e

B
E

fo
r

an
en

se
m

b
le

o
f

el
ec

tr
o
n
s

in
an

io
n
iz

ed
g
as

is

∂f ∂
t

+
v

·
∇

f
−

e m
E

·
∇

v
f

=
C

[f
],

(1
)

w
h
er

e
f

is
th

e
el

ec
tr

o
n

d
is

tr
ib

u
ti

o
n

in
si

x
-d

im
en

si
o
n
al

p
h
as

e

sp
ac

e,
v

ar
e

th
e

v
el

o
ci

ty
co

o
rd

in
at

es
,

e
is

th
e

el
em

en
ta

ry

ch
ar

g
e,

m
is

th
e

el
ec

tr
o
n

m
as

s,
E

is
th

e
el

ec
tr

ic
fi

el
d
,
∇

v
is

th
e

v
el

o
ci

ty
-g

ra
d
ie

n
t

o
p
er

at
o
r

an
d

C
re

p
re

se
n
ts

th
e

ra
te

o
f

ch
an

g
e

in
f

d
u
e

to
co

ll
is

io
n
s.

T
o

b
e

ab
le

to
so

lv
e

th
e

B
E

,
w

e
n
ee

d
to

m
ak

e
d
ra

st
ic

si
m

p
li

fi
ca

ti
o
n
s.

T
o

st
ar

t
w

it
h
,

w
e

li
m

it
o
u
rs

el
v
es

to
th

e
ca

se

w
h
er

e
th

e
el

ec
tr

ic
fi

el
d

an
d

th
e

co
ll

is
io

n
p
ro

b
ab

il
it

ie
s

ar
e

al
l

sp
at

ia
ll

y
u
n
if

o
rm

,
at

le
as

t
o
n

th
e

sc
al

e
o
f

th
e

co
ll

is
io

n
al

m
ea

n

fr
ee

p
at

h
.

T
h
e

el
ec

tr
o
n

d
is

tr
ib

u
ti

o
n

f
is

th
en

sy
m

m
et

ri
c

in

v
el

o
ci

ty
sp

ac
e

ar
o
u
n
d

th
e

el
ec

tr
ic

fi
el

d
d
ir

ec
ti

o
n
.

In
p
o
si

ti
o
n

sp
ac

e
f

m
ay

v
ar

y
o
n
ly

al
o
n
g

th
e

fi
el

d
d
ir

ec
ti

o
n
.

U
si

n
g

sp
h
er

ic
al

co
o
rd

in
at

es
in

v
el

o
ci

ty
sp

ac
e,

w
e

o
b
ta

in

∂f ∂
t

+
v

co
s
θ
∂f ∂
z

−
e m

E

( co
s
θ
∂f ∂
v

+
si

n
2
θ

v

∂f

∂
co

s
θ

) =
C

[f
], (2
)

w
h
er

e
v

is
th

e
m

ag
n
it

u
d
e

o
f

th
e

v
el

o
ci

ty
,θ

is
th

e
an

g
le

b
et

w
ee

n

th
e

v
el

o
ci

ty
an

d
th

e
fi

el
d

d
ir

ec
ti

o
n

an
d

z
is

th
e

p
o
si

ti
o
n

al
o
n
g

th
is

d
ir

ec
ti

o
n
.

T
h
e

el
ec

tr
o
n

d
is

tr
ib

u
ti

o
n

f
in

eq
u
at

io
n

( 2
)

d
ep

en
d
s

o
n

fo
u
r

co
o
rd

in
at

es
:
v

,
θ

,
t

an
d

z
.

T
h
e

n
ex

t
fe

w
se

ct
io

n
s

d
es

cr
ib

e

h
o
w

w
e

d
ea

l
w

it
h

th
is

.
W

e
si

m
p
li

fy
th

e
θ

-d
ep

en
d
en

ce
b
y

th
e

cl
as

si
ca

l
tw

o
-t

er
m

ap
p
ro

x
im

at
io

n
(s

ec
ti

o
n

2
.1

).
T

o
si

m
p
li

fy

th
e

ti
m

e
d
ep

en
d
en

ce
,

w
e

o
n
ly

co
n
si

d
er

st
ea

d
y
-s

ta
te

ca
se

s

w
h
er

e
th

e
el

ec
tr

ic
fi

el
d

an
d

th
e

el
ec

tr
o
n

d
is

tr
ib

u
ti

o
n

ar
e

ei
th

er
st

at
io

n
ar

y
o
r

o
sc

il
la

te
at

h
ig

h
fr

eq
u
en

cy
(s

ec
ti

o
n

2
.3

).

A
d
d
it

io
n
al

ex
p
o
n
en

ti
al

d
ep

en
d
en

ce
o
f
f

o
n
t

o
r
o
n
z

is
as

su
m

ed

to
ac

co
u
n
tf

o
r

el
ec

tr
o
n

p
ro

d
u
ct

io
n

o
r

lo
ss

d
u
e

to
io

n
iz

at
io

n
an

d

at
ta

ch
m

en
t

(s
ec

ti
o
n

2
.2

).
W

e
th

en
d
es

cr
ib

e
th

e
co

ll
is

io
n

te
rm

(s
ec

ti
o
n

2
.4

),
p
u
t

al
l

p
ie

ce
s

to
g
et

h
er

in
to

o
n
e

eq
u
at

io
n

fo
r

th
e

E
E

D
F

(s
ec

ti
o
n

2
.5

),
an

d
d
is

cu
ss

th
e

n
u
m

er
ic

al
te

ch
n
iq

u
es

w
e

u
se

to
so

lv
e

th
is

eq
u
at

io
n

(s
ec

ti
o
n

2
.6

).

2
.1

.
T
w

o
-t

er
m

a
p
p
ro

xi
m

a
ti

o
n

A
co

m
m

o
n

ap
p
ro

ac
h

to
so

lv
e

eq
u
at

io
n

(2
)

is
to

ex
p
an

d

f
in

te
rm

s
o
f

L
eg

en
d
re

p
o
ly

n
o
m

ia
ls

o
f

co
s
θ

(s
p
h
er

ic
al

h
ar

m
o
n
ic

s
ex

p
an

si
o
n
)

an
d

th
en

co
n
st

ru
ct

fr
o
m

eq
u
at

io
n

(2
)

a
se

t
o
f

eq
u
at

io
n
s

fo
r

th
e

ex
p
an

si
o
n

co
ef

fi
ci

en
ts

.
F

o
r

h
ig

h

p
re

ci
si

o
n

re
su

lt
s

si
x

o
r

m
o
re

ex
p
an

si
o
n

te
rm

s
ar

e
n
ee

d
ed

[ 1
5
],

b
u
t

fo
r

m
an

y
ca

se
s

a
tw

o
-t

er
m

ap
p
ro

x
im

at
io

n
al

re
ad

y

g
iv

es
u
se

fu
l

re
su

lt
s.

T
h
is

tw
o
-t

er
m

ap
p
ro

x
im

at
io

n
is

o
ft

en

u
se

d
(e

.g
.

b
y

th
e

B
E

so
lv

er
s

B
O

L
S

IG
an

d
E

L
E

N
D

IF
)

an
d

h
as

b
ee

n
ex

te
n
si

v
el

y
d
is

cu
ss

ed
in

th
e

li
te

ra
tu

re
[ 1

9
,

2
0
].

A
lt

h
o
u
g
h

th
e

ap
p
ro

x
im

at
io

n
is

k
n
o
w

n
to

fa
il

fo
r

h
ig

h
v
al

u
es

o
f

E
/
N

w
h
en

m
o
st

co
ll

is
io

n
s

ar
e

in
el

as
ti

c
an

d
f

b
ec

o
m

es

st
ro

n
g
ly

an
is

o
tr

o
p
ic

[ 2
1

],
th

e
er

ro
rs

in
th

e
ca

lc
u
la

te
d

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

ar
e

ac
ce

p
ta

b
le

fo
r

fl
u
id

d
is

ch
ar

g
e

m
o
d
el

li
n
g

in
th

e
u
su

al
ra

n
g
e

o
f
d
is

ch
ar

g
e

co
n
d
it

io
n
s.

N
o
te

th
at

w
h
en

th
e

tw
o
-t

er
m

ap
p
ro

x
im

at
io

n
fa

il
s,

so
m

e
o
th

er
,

in
tr

in
si

c
ap

p
ro

x
im

at
io

n
s

o
f

fl
u
id

m
o
d
el

s
al

so
fa

il
.

7
2
3



G
J

M
H

ag
el

aa
r

an
d

L
C

P
it

ch
fo

rd

U
si

n
g

th
e

tw
o
-t

er
m

ap
p
ro

x
im

at
io

n
w

e
ex

p
an

d
f

as

f
(v

,
co

s
θ
,
z
,
t)

=
f

0
(v

,
z
,
t)

+
f

1
(v

,
z
,
t)

co
s
θ
,

(3
)

w
h
er

e
f

0
is

th
e

is
o
tr

o
p
ic

p
ar

t
o
f

f
an

d
f

1
is

an
an

is
o
tr

o
p
ic

p
er

tu
rb

at
io

n
.

N
o
te

th
at

θ
is

d
efi

n
ed

w
it

h
re

sp
ec

t
to

th
e

fi
el

d

d
ir

ec
ti

o
n
,

so
f

1
is

n
eg

at
iv

e;
th

is
d
if

fe
rs

fr
o
m

so
m

e
o
th

er
te

x
ts

w
h
er

e
θ

is
d
efi

n
ed

w
it

h
re

sp
ec

t
to

th
e

el
ec

tr
o
n

d
ri

ft
v
el

o
ci

ty

an
d

f
1

is
p
o
si

ti
v
e.

A
ls

o
n
o
te

th
at

f
is

n
o
rm

al
iz

ed
as

∫∫
∫ f

d
3
v

=
4
π

∫ ∞ 0

f
0
v

2
d
v

=
n
,

(4
)

w
h
er

e
n

is
th

e
el

ec
tr

o
n

n
u
m

b
er

d
en

si
ty

.

E
q
u
at

io
n
s

fo
r

f
0

an
d

f
1

ar
e

fo
u
n
d

fr
o
m

eq
u
at

io
n

( 2
)

b
y

su
b
st

it
u
ti

n
g

eq
u
at

io
n

( 3
),

m
u
lt

ip
ly

in
g

b
y

th
e

re
sp

ec
ti

v
e

L
eg

en
d
re

p
o
ly

n
o
m

ia
ls

(1
an

d
co

s
θ

)
an

d
in

te
g
ra

ti
n
g

o
v
er

co
s
θ

:

∂f
0

∂
t

+
γ 3

ε
1
/
2
∂f

1

∂
z

−
γ 3

ε
−

1
/
2

∂ ∂
ε
(ε

E
f

1
)
=

C
0
,

(5
)

∂f
1

∂
t

+
γ
ε

1
/
2
∂f

0

∂
z

−
E

γ
ε

1
/
2
∂f

0

∂
ε

=
−

N
σ

m
γ
ε

1
/
2
f

1
,

(6
)

w
h
er

e
γ

=
(2

e
/
m

)1
/
2

is
a

co
n
st

an
t

an
d

ε
=

(v
/
γ
)2

is

th
e

el
ec

tr
o
n

en
er

g
y

in
el

ec
tr

o
nv

o
lt

s.
T

h
e

ri
g
h
t-

h
an

d
si

d
e

o
f

eq
u
at

io
n

(5
)

re
p
re

se
n
ts

th
e

ch
an

g
e

in
f

0
d
u
e

to
co

ll
is

io
n
s

an
d

w
il

l
b
e

d
is

cu
ss

ed
in

d
et

ai
l

in
se

ct
io

n
2
.4

.
T

h
e

ri
g
h
t-

h
an

d
si

d
e

o
f
eq

u
at

io
n

( 6
)
co

n
ta

in
s

th
e

to
ta

lm
o
m

en
tu

m
-t

ra
n
sf

er

cr
o
ss

-s
ec

ti
o
n

σ
m

co
n
si

st
in

g
o
f

co
n
tr

ib
u
ti

o
n
s

fr
o
m

al
l

p
o
ss

ib
le

co
ll

is
io

n
p
ro

ce
ss

es
k

w
it

h
g
as

p
ar

ti
cl

es
:

σ
m

=
∑ k

x
k
σ

k
,

(7
)

w
h
er

e
x

k
is

th
e

m
o
le

fr
ac

ti
o
n

o
f

th
e

ta
rg

et
sp

ec
ie

s
o
f

th
e

co
ll

is
io

n
p
ro

ce
ss

;
re

al
iz

e
th

at
th

e
g
as

ca
n

b
e

a
m

ix
tu

re

o
f

d
if

fe
re

n
t

sp
ec

ie
s,

in
cl

u
d
in

g
ex

ci
te

d
st

at
es

1
.

F
o
r

el
as

ti
c

co
ll

is
io

n
s,

σ
k

is
th

e
ef

fe
ct

iv
e

m
o
m

en
tu

m
-t

ra
n
sf

er
cr

o
ss

-

se
ct

io
n
,

as
cl

ea
rl

y
d
is

cu
ss

ed
in

[2
2
],

ac
co

u
n
ti

n
g

fo
r

p
o
ss

ib
le

an
is

o
tr

o
p
y

o
f

th
e

el
as

ti
c

sc
at

te
ri

n
g
.

F
o
r

in
el

as
ti

c
co

ll
is

io
n
s,

σ
k

is
th

e
to

ta
l

cr
o
ss

se
ct

io
n
,

as
su

m
in

g
th

at
al

l
m

o
m

en
tu

m
is

lo
st

in
th

e
co

ll
is

io
n
,

i.
e.

th
at

th
e

re
m

ai
n
in

g
el

ec
tr

o
n

v
el

o
ci

ty

af
te

r
th

e
co

ll
is

io
n

is
sc

at
te

re
d

is
o
tr

o
p
ic

al
ly

.
O

n
e

n
ee

d
s

to
b
e

ca
re

fu
l

ab
o
u
t

th
e

d
efi

n
it

io
n

o
f
σ

m
:

o
m

it
ti

n
g
,

fo
r

ex
am

p
le

,
th

e

co
n
tr

ib
u
ti

o
n

fr
o
m

in
el

as
ti

c
co

ll
is

io
n
s

co
m

p
le

te
ly

ch
an

g
es

th
e

ca
lc

u
la

ti
o
n

re
su

lt
s;

so
m

e
d
at

a
fo

r
σ

m
in

th
e

li
te

ra
tu

re
ar

e
u
n
cl

ea
r

o
n

th
is

p
o
in

t.

2
.2

.
G

ro
w

th
o
f

th
e

el
ec

tr
o
n

d
en

si
ty

W
e

fu
rt

h
er

si
m

p
li

fy
eq

u
at

io
n
s

(5
)

an
d

(6
)

b
y

m
ak

in
g

as
su

m
p
ti

o
n
s

ab
o
u
t

th
e

te
m

p
o
ra

l
an

d
sp

at
ia

l
d
ep

en
d
en

ce
o
f
f

0

an
d

f
1
.

In
g
en

er
al

f
ca

n
n
o
t
b
e

co
n
st

an
t
in

b
o
th

ti
m

e
an

d
sp

ac
e

b
ec

au
se

so
m

e
co

ll
is

io
n

p
ro

ce
ss

es
(i

o
n
iz

at
io

n
,

at
ta

ch
m

en
t)

d
o

n
o
t

co
n
se

rv
e

th
e

to
ta

l
n
u
m

b
er

o
f

el
ec

tr
o
n
s.

P
re

v
io

u
s

w
o
rk

[ 1
9

,2
2
–
2
4
]

p
ro

p
o
se

d
a

si
m

p
le

te
ch

n
iq

u
e

to
ap

p
ro

x
im

at
el

y

d
es

cr
ib

e
th

e
ef

fe
ct

s
o
f

n
et

el
ec

tr
o
n

p
ro

d
u
ct

io
n

in
sw

ar
m

1
T

h
e

m
o
m

en
tu

m
-t

ra
n
sf

er
cr

o
ss

-s
ec

ti
o
n

σ
m

ap
p
ea

ri
n
g

in
eq

u
at

io
n

(5
)

is

eq
u
iv

al
en

t
to

th
e

d
if

fu
si

o
n

cr
o
ss

se
ct

io
n

d
is

cu
ss

ed
in

[2
2
].

It
ca

n
al

so
b
e

id
en

ti
fi

ed
w

it
h

th
e

ef
fe

ct
iv

e
m

o
m

en
tu

m
-t

ra
n
sf

er
cr

o
ss

-s
ec

ti
o
n

d
er

iv
ed

fr
o
m

an
al

y
si

s
o
f

sw
ar

m
ex

p
er

im
en

ts
,

at
le

as
t

at
lo

w
E

/
N

w
h
er

e
io

n
iz

at
io

n
ca

n
b
e

tr
ea

te
d

as
an

ex
ci

ta
ti

o
n

p
ro

ce
ss

.

ty
p
e

ex
p
er

im
en

ts
.

F
o
ll

o
w

in
g

th
is

te
ch

n
iq

u
e,

w
e

se
p
ar

at
e

th
e

en
er

g
y
-d

ep
en

d
en

ce
o
f

f
fr

o
m

it
s

d
ep

en
d
en

ce
o
n

ti
m

e
an

d

sp
ac

e
b
y

as
su

m
in

g
th

at

f
0
,1
(ε

,
z
,
t)

=
1

2
π

γ
3
F

0
,1
(ε

)n
(z

,
t)

,
(8

)

w
h
er

e
th

e
en

er
g
y

d
is

tr
ib

u
ti

o
n

F
0
,1

is
co

n
st

an
ti

n
ti

m
e

an
d

sp
ac

e

an
d

n
o
rm

al
iz

ed
b
y

∫ ∞ 0

ε
1
/
2
F

0
d
ε

=
1
.

(9
)

T
h
e

ti
m

e
o
r

sp
ac

e
d
ep

en
d
en

ce
o
f

th
e

el
ec

tr
o
n

d
en

si
ty

n
is

n
o
w

re
la

te
d

to
th

e
n
et

el
ec

tr
o
n

p
ro

d
u
ct

io
n

ra
te

.
F

o
r
th

is
,w

e
co

n
si

d
er

tw
o

si
m

p
le

ca
se

s
co

rr
es

p
o
n
d
in

g
to

sp
ec

ifi
c

sw
ar

m
ex

p
er

im
en

ts
.

M
o
st

d
is

ch
ar

g
es

re
se

m
b
le

at
le

as
t

o
n
e

o
f

th
es

e
ca

se
s.

E
xp

o
n
en

ti
a
l

te
m

p
o
ra

l
g
ro

w
th

w
it

h
o
u
t

sp
a
ce

d
ep

en
d
en

ce
.

T
h
is

ca
se

co
rr

es
p
o
n
d
s

to
P

u
ls

ed
T

o
w

n
se

n
d

ex
p
er

im
en

ts
[ 1

1
].

T
h
e

te
m

p
o
ra

lg
ro

w
th

ra
te

o
f
th

e
el

ec
tr

o
n

n
u
m

b
er

d
en

si
ty

eq
u
al

s

th
e

n
et

p
ro

d
u
ct

io
n

fr
eq

u
en

cy
ν̄

i:

1 n
e

∂
n

e

∂
t

=
ν̄

i
≡

N
γ

∫ ∞ 0

(
∑

k
=

io
n
iz

at
io

n

x
k
σ

k
−

∑
k
=

at
ta

ch
m

en
t

x
k
σ

k

)

×
ε
F

0
d
ε
,

(1
0
)

w
h
er

e
th

e
su

m
is

o
v
er

th
e

io
n
iz

at
io

n
an

d
at

ta
ch

m
en

tp
ro

ce
ss

es
;

w
e

re
m

in
d

th
at

x
k

is
th

e
m

o
le

fr
ac

ti
o
n

o
f

th
e

ta
rg

et
sp

ec
ie

s
o
f

co
ll

is
io

n
p
ro

ce
ss

k
.

E
q
u
at

io
n

( 6
)

b
ec

o
m

es

F
1

=
E N

1 σ̃
m

∂
F

0

∂
ε

,
(1

1
)

w
h
er

e

σ̃
m

=
σ

m
+

ν̄
i

N
γ
ε

1
/
2
.

(1
2
)

S
u
b
st

it
u
ti

n
g

th
is

in
eq

u
at

io
n

(5
),

w
e

fi
n
d

−
γ 3

∂ ∂
ε

((
E N

) 2
ε σ̃
m

∂
F

0

∂
ε

) =
C̃

0
+

R̃
,

(1
3
)

w
h
er

e
th

e
co

ll
is

io
n

te
rm C̃

0
=

2
π

γ
3
ε

1
/
2

C
0

N
n

(1
4
)

h
as

b
ee

n
d
iv

id
ed

b
y

th
e

g
as

d
en

si
ty

N
an

d
th

e
el

ec
tr

o
n

d
en

si
ty

n
w

it
h

re
sp

ec
t

to
th

e
co

ll
is

io
n

te
rm

C
0

in
eq

u
at

io
n

(5
),

w
h
ic

h

m
ak

es
it

la
rg

el
y

in
d
ep

en
d
en

t
o
f

th
es

e
d
en

si
ti

es
2
.

T
h
e

te
rm

R̃
=

−
ν̄

i

N
ε

1
/
2
F

0
(1

5
)

en
su

re
s

th
at

F
0

re
m

ai
n
s

n
o
rm

al
iz

ed
to

u
n
it

y
in

th
e

ca
se

o
f

n
et

el
ec

tr
o
n

p
ro

d
u
ct

io
n
.

P
re

v
io

u
s

w
o
rk

[2
3
]

in
te

rp
re

te
d

th
is

te
rm

as
th

e
en

er
g
y

n
ee

d
ed

to
h
ea

t
th

e
se

co
n
d
ar

y
el

ec
tr

o
n
s

u
p

to
th

e

m
ea

n
el

ec
tr

o
n

en
er

g
y.

2
N

o
te

th
at

C̃
0

an
d

C
0

ar
e

p
h
y
si

ca
l

q
u
an

ti
ti

es
an

d
n
o
t

co
ll

is
io

n
o
p
er

at
o
rs

as

u
se

d
in

so
m

e
o
th

er
te

x
ts

.

7
2
4

E
le

ct
ro

n
B

o
lt

zm
an

n
eq

u
at

io
n

so
lv

er
fo

r
fl

u
id

m
o
d
el

s

E
xp

o
n
en

ti
a
l

sp
a
ti

a
l

g
ro

w
th

w
it

h
o
u
t

ti
m

e
d
ep

en
d
en

ce
.

T
h
is

ca
se

co
rr

es
p
o
n
d
s

to
S

te
ad

y
S

ta
te

T
o
w

n
se

n
d

ex
p
er

im
en

ts
[1

1
].

W
h
il

e
th

e
el

ec
tr

o
n
s

d
ri

ft
ag

ai
n
st

th
e

el
ec

tr
ic

fi
el

d
th

ei
r

fl
u
x

an
d

d
en

si
ty

g
ro

w
ex

p
o
n
en

ti
al

ly
w

it
h

a
co

n
st

an
t

sp
at

ia
l

g
ro

w
th

ra
te

α
(T

o
w

n
se

n
d

co
ef

fi
ci

en
t)

,
w

h
ic

h
is

re
la

te
d

to
th

e
n
et

el
ec

tr
o
n

p
ro

d
u
ct

io
n

b
y

α
≡

−
1 n

∂
n

∂
z

=
−

ν̄
i

w
,

(1
6
)

w
h
er

e
th

e
m

ea
n

v
el

o
ci

ty
w

is
d
et

er
m

in
ed

b
y

F
1
,

co
n
st

an
t

in

sp
ac

e
an

d
n
eg

at
iv

e.

U
si

n
g

th
e

d
efi

n
it

io
n

o
f
α

,
eq

u
at

io
n

( 6
)

b
ec

o
m

es

F
1

=
1 σ
m

( E N

∂
F

0

∂
ε

+
α N

F
0

)
(1

7
)

an
d

eq
u
at

io
n

(5
)

ca
n

ag
ai

n
b
e

w
ri

tt
en

in
th

e
fo

rm

−
γ 3

∂ ∂
ε

((
E N

) 2
ε σ̃
m

∂
F

0

∂
ε

) =
C̃

0
+

R̃
,

(1
8
)

w
h
er

e
th

is
ti

m
e

σ̃
m

=
σ

m
an

d
th

e
g
ro

w
th

-r
en

o
rm

al
iz

at
io

n

te
rm

is

R̃
=

α N

γ 3

[ ε σ
m

( 2
E N

∂
F

0

∂
ε

+
α N

F
0

) +
E N

F
0

∂ ∂
ε

( ε σ
m

)] .

(1
9
)

T
h
e

v
al

u
e

o
f

α
is

fo
u
n
d

fr
o
m

co
m

b
in

in
g

eq
u
at

io
n
s

( 1
6

)

an
d

(1
7
): w

=
1 3
γ

∫ ∞ 0

F
1
ε

d
ε

≡
−

µ
E

+
α
D

=
−

ν̄
i α
,

(2
0
)

w
h
ic

h
y
ie

ld
s

α
=

1 2
D

(µ
E

−
√ (µ

E
)2

−
4
D

ν̄
i)

,
(2

1
)

w
h
er

e
µ

an
d

D
ar

e
w

ri
tt

en
o
u
t
an

d
id

en
ti

fi
ed

w
it

h
th

e
m

o
b
il

it
y

an
d

th
e

d
if

fu
si

o
n

co
ef

fi
ci

en
t,

re
sp

ec
ti

v
el

y,
in

se
ct

io
n

3
.1

.

2
.3

.
H

ig
h

fr
eq

u
en

cy
fi
el

d
s

T
h
e

q
u
as

i-
st

at
io

n
ar

y
ap

p
ro

ac
h

o
f

th
e

p
re

v
io

u
s

se
ct

io
n
s

as
su

m
es

th
at

th
e

el
ec

tr
ic

fi
el

d
re

m
ai

n
s

co
n
st

an
t

o
n

th
e

ti
m

e

sc
al

e
o
f

th
e

co
ll

is
io

n
s.

W
it

h
so

m
e

sl
ig

h
t

m
o
d
ifi

ca
ti

o
n
s,

h
o
w

ev
er

,
th

e
sa

m
e

ap
p
ro

ac
h

ca
n

al
so

b
e

u
se

d
fo

r
h
ig

h
-

fr
eq

u
en

cy
o
sc

il
la

ti
n
g

fi
el

d
s

[ 1
9
].

U
si

n
g

th
e

co
m

p
le

x
n
o
ta

ti
o
n
,

w
e

ex
p
re

ss
th

e
o
sc

il
la

ti
n
g

el
ec

tr
ic

fi
el

d
as

E
(t

)
=

E
0

eiω
t .

(2
2
)

R
at

h
er

th
an

eq
u
at

io
n

( 3
),

w
e

u
se

th
e

fo
ll

o
w

in
g

tw
o
-t

er
m

ap
p
ro

x
im

at
io

n
:

f
(v

,
co

s
θ
,
z
,
t)

=
f

0
(v

,
z
,
t)

+
f

1
(v

,
z
,
t)

co
s
θ

eiω
t ,

(2
3
)

w
h
er

e
th

e
ti

m
e-

v
ar

ia
ti

o
n

o
f
f

0
an

d
f

1
is

sl
o
w

w
it

h
re

sp
ec

t
to

th
e

o
sc

il
la

ti
o
n
;
f

1
m

ay
b
e

co
m

p
le

x
to

ac
co

u
n
t

fo
r

p
h
as

e
sh

if
ts

w
it

h
re

sp
ec

t
to

th
e

el
ec

tr
ic

fi
el

d
.

E
q
u
at

io
n

( 2
3
)

is
ap

p
ro

p
ri

at
e

if
th

e
fi

el
d

fr
eq

u
en

cy
is

so
h
ig

h
th

at
th

e
el

ec
tr

o
n

en
er

g
y

lo
st

o
v
er

o
n
e

fi
el

d
cy

cl
e

is
sm

al
l.

F
o
r

el
as

ti
c

co
ll

is
io

n
s

th
is

im
p
li

es
th

at
th

e
fi

el
d

fr
eq

u
en

cy
sh

o
u
ld

b
e

m
u
ch

g
re

at
er

th
an

th
e

co
ll

is
io

n
fr

eq
u
en

cy

ti
m

es
th

e
ra

ti
o

o
f

th
e

el
ec

tr
o
n

m
as

s
to

th
e

g
as

p
ar

ti
cl

e
m

as
s:

ω
/
N

≫
(2

m
/
M

)σ
m
γ
ε

1
/
2
.

A
fr

eq
u
en

cy
li

m
it

re
la

te
d

to

in
el

as
ti

c
co

ll
is

io
n
s

is
m

o
re

d
if

fi
cu

lt
to

es
ti

m
at

e.
In

p
ra

ct
ic

e

eq
u
at

io
n

(2
3
)

is
re

as
o
n
ab

le
fo

r
fi

el
d

fr
eq

u
en

ci
es

in
th

e

g
ig

ah
er

tz
ra

n
g
e

(m
ic

ro
w

av
e

d
is

ch
ar

g
es

)
an

d
b
ey

o
n
d

(o
p
ti

ca
l

b
re

ak
d
o
w

n
).

F
o
r

in
te

rm
ed

ia
te

fi
el

d
fr

eq
u
en

ci
es

,
w

h
er

e
th

e

en
er

g
y

tr
an

sf
er

p
er

cy
cl

e
is

n
ei

th
er

fu
ll

n
o
r

n
eg

li
g
ib

le
,

a
m

o
re

co
m

p
le

te
so

lu
ti

o
n

o
f

th
e

ti
m

e-
d
ep

en
d
en

t
B

E
is

n
ec

es
sa

ry
[ 2

5
].

U
si

n
g

eq
u
at

io
n

( 2
3
),

w
e

p
ro

ce
ed

ex
ac

tl
y

as
b
ef

o
re

.
O

n
ly

th
e

te
m

p
o
ra

l
g
ro

w
th

m
o
d
el

m
ak

es
se

n
se

,
b
ec

au
se

th
e

h
ig

h

fr
eq

u
en

cy
fi

el
d

d
o
es

n
o
t

le
ad

to
ti

m
e-

av
er

ag
ed

tr
an

sp
o
rt

,
an

d

w
e

fi
n
d

F
1

=
E

0

N

σ̃
m

−
iq

σ̃
2 m

+
q

2

∂
F

0

∂
ε

,
(2

4
)

w
h
er

e
σ̃

m
=

σ
m

+
ν̄

i/
N

γ
ε

1
/
2

an
d

q
=

ω
/
N

γ
ε

1
/
2
.

S
u
b
st

it
u
ti

n
g

th
is

in
th

e
eq

u
at

io
n

fo
r
F

0
an

d
av

er
ag

in
g

th
e

en
er

g
y

ab
so

rp
ti

o
n

o
v
er

th
e

fi
el

d
cy

cl
e,

w
e

fi
n
al

ly
o
b
ta

in

−
γ 3

∂ ∂
ε

((
E

0

N

) 2
σ̃

m
ε

2
(σ̃

2 m
+

q
2
)

∂
F

0

∂
ε

) =
C̃

0
+

R̃
,

(2
5
)

w
h
er

e
th

e
g
ro

w
th

-r
en

o
rm

al
iz

at
io

n
te

rm
R̃

is
g
iv

en
b
y

eq
u
at

io
n

(1
5
).

W
e

re
m

ar
k

th
at

in
th

e
ca

se
o
f

a
co

n
st

an
t

m
o
m

en
tu

m
-

tr
an

sf
er

fr
eq

u
en

cy
ν

=
σ̃

m
N

γ
ε

1
/
2

(σ
m

is
in

v
er

se
ly

p
ro

p
o
rt

io
n
al

to
ε

1
/
2
),

eq
u
at

io
n

(2
5
)

ca
n

b
e

w
ri

tt
en

ex
ac

tl
y

as

eq
u
at

io
n

( 1
3
)

fo
r

a
st

at
io

n
ar

y
el

ec
tr

ic
fi

el
d
,w

h
er

e
th

e
fi

el
d

E
is

re
p
la

ce
d

b
y

an
ef

fe
ct

iv
e

fi
el

d
E

ef
f
=

2
−

1
/
2
(1

+
ω

2
/
ν

2
)−

1
/
2
E

0
.

T
h
is

co
n
ce

p
t

o
f

ef
fe

ct
iv

e
fi

el
d

is
u
se

d
b
y

so
m

e
au

th
o
rs

[2
6
]

to

re
la

te
th

e
E

E
D

F
an

d
th

e
el

ec
tr

o
n

p
ro

p
er

ti
es

in
o
sc

il
la

ti
n
g

fi
el

d
s

to
th

o
se

in
d
c

fi
el

d
s.

2
.4

.
C

o
ll

is
io

n
te

rm
s

T
h
e

ri
g
h
t-

h
an

d
si

d
es

o
f

eq
u
at

io
n
s

( 1
3
),

(1
8
)

an
d

(2
5
)

co
n
ta

in

th
e

co
ll

is
io

n
te

rm
co

n
si

st
in

g
o
f

co
n
tr

ib
u
ti

o
n
s

fr
o
m

al
l
d
if

fe
re

n
t

co
ll

is
io

n
p
ro

ce
ss

es
k

w
it

h
n
eu

tr
al

g
as

p
ar

ti
cl

es
an

d
fr

o
m

el
ec

tr
o
n
–
el

ec
tr

o
n

co
ll

is
io

n
s:

C̃
0

=
∑ k

C̃
0
,k

+
C̃

0
,e
.

(2
6
)

H
er

e
w

e
d
es

cr
ib

e
th

es
e

co
n
tr

ib
u
ti

o
n
s

in
d
et

ai
l.

E
la

st
ic

co
ll

is
io

n
s.

T
h
e

ef
fe

ct
o
f

el
as

ti
c

co
ll

is
io

n
s

ca
n

b
e

d
es

cr
ib

ed
b
y

[ 2
0
]

C̃
0
,k

=
el

as
ti

c
=

γ
x

k

2
m

M
k

∂ ∂
ε

[ ε
2
σ

k

( F
0

+
k

B
T e

∂
F

0

∂
ε

)] ,
(2

7
)

w
h
er

e
M

k
is

th
e

m
as

s
o
f

th
e

ta
rg

et
p
ar

ti
cl

es
an

d
T

is
th

ei
r

te
m

p
er

at
u
re

.
T

h
e

fi
rs

t
te

rm
re

p
re

se
n
ts

th
e

k
in

et
ic

en
er

g
y

lo
st

to
th

e
ta

rg
et

p
ar

ti
cl

es
an

d
th

e
se

co
n
d

te
rm

is
th

e
en

er
g
y

g
ai

n
ed

fr
o
m

th
e

ta
rg

et
p
ar

ti
cl

es
as

su
m

in
g

th
at

th
es

e
ar

e
M

ax
w

el
li

an
;

th
is

te
rm

is
im

p
o
rt

an
t

o
n
ly

at
v
er

y
lo

w
E

/
N

.

7
2
5



G
J

M
H

ag
el

aa
r

an
d

L
C

P
it

ch
fo

rd

E
xc

it
a
ti

o
n
/d

e-
ex

ci
ta

ti
o
n
.

E
x
ci

ta
ti

o
n

an
d

d
e-

ex
ci

ta
ti

o
n

co
ll

i-

si
o
n
s

ca
u
se

a
d
is

cr
et

e
en

er
g
y

lo
ss

o
r

g
ai

n
,c

o
n
ti

n
u
o
u
sl

y
re

m
o
v
-

in
g

el
ec

tr
o
n
s

fr
o
m

th
e

en
er

g
y

d
is

tr
ib

u
ti

o
n

an
d

re
in

se
rt

in
g

th
em

so
m

ew
h
er

e
el

se
[1

9
]:

C̃
0
,k

=
in

el
as

ti
c
=

−
γ
x

k
[ε

σ
k
(ε

)F
0
(ε

)

−
(ε

+
u

k
)σ

k
(ε

+
u

k
)
F

0
(ε

+
u

k
)]

,
(2

8
)

w
h
er

e
u

k
is

th
e

th
re

sh
o
ld

en
er

g
y

o
f

th
e

co
ll

is
io

n
an

d
is

n
eg

at
iv

e

fo
r
d
e-

ex
ci

ta
ti

o
n
.

T
h
e

tw
o

te
rm

s
ar

e
k
n
o
w

n
,r

es
p
ec

ti
v
el

y,
as

th
e

sc
at

te
ri

n
g
-o

u
t

an
d

sc
at

te
ri

n
g
-i

n
te

rm
s;

th
e

sc
at

te
ri

n
g
-i

n
te

rm

cl
ea

rl
y

v
an

is
h
es

fo
r
ε

<
−

u
k

in
th

e
ca

se
o
f

d
e-

ex
ci

ta
ti

o
n
.

Io
n
iz

a
ti

o
n
.

T
h
e

ef
fe

ct
o
f

io
n
iz

at
io

n
d
ep

en
d
s

o
n

h
o
w

th
e

re
m

ai
n
in

g
en

er
g
y

is
sh

ar
ed

b
y

th
e

tw
o

el
ec

tr
o
n
s

af
te

r

io
n
iz

at
io

n
.

F
o
r

so
m

e
g
as

es
d
if

fe
re

n
ti

al
cr

o
ss

se
ct

io
n
s

ca
n

b
e

fo
u
n
d

fo
r

th
e

en
er

g
y

sh
ar

in
g
,

w
h
ic

h
u
su

al
ly

sh
o
w

th
at

th
e

en
er

g
y

is
sh

ar
ed

le
ss

eq
u
al

ly
as

th
e

re
m

ai
n
in

g
en

er
g
y

is

la
rg

e
[ 2

7
].

H
er

e
w

e
co

n
si

d
er

o
n
ly

th
e

tw
o

li
m

it
in

g
ca

se
s

o
f

eq
u
al

an
d

ze
ro

en
er

g
y

sh
ar

in
g
.

In
th

e
ca

se
o
f

eq
u
al

en
er

g
y

sh
ar

in
g
:

C̃
0
,k

=
io

n
iz

at
io

n
=

−
γ
x

k
[ε

σ
k
(ε

)F
0
(ε

)

−
2
(2

ε
+

u
k
)σ

k
(2

ε
+

u
k
)F

0
(2

ε
+

u
k
)]

,
(2

9
)

w
h
er

e
th

e
fa

ct
o
r

2
in

th
e

sc
at

te
ri

n
g
-i

n
te

rm
re

p
re

se
n
ts

th
e

se
co

n
d
ar

y
el

ec
tr

o
n
s

b
ei

n
g

in
se

rt
ed

at
th

e
sa

m
e

en
er

g
y

as
th

e

p
ri

m
ar

y
el

ec
tr

o
n
s.

In
ca

se
th

e
p
ri

m
ar

y
el

ec
tr

o
n

ta
k
es

al
l

re
m

ai
n
in

g
en

er
g
y

(z
er

o
sh

ar
in

g
)

C̃
0
,k

=
io

n
iz

at
io

n
=

−
γ
x

k
[ε

σ
k
(ε

)F
0
(ε

)

−
(ε

+
u

k
)σ

k
(ε

+
u

k
)F

0
(ε

+
u

k
)]

+
δ
(ε

)γ
x

k

∫ ∞ 0

u
σ

k
(u

)F
0
(u

)
d
u
,

(3
0
)

w
h
er

e
δ

is
th

e
D

ir
ac

d
el

ta
-f

u
n
ct

io
n
.

T
h
e

la
st

te
rm

d
en

o
te

s
th

e

se
co

n
d
ar

y
el

ec
tr

o
n
s,

w
h
ic

h
ar

e
al

l
in

se
rt

ed
at

ze
ro

en
er

g
y.

A
tt

a
ch

m
en

t.
A

tt
ac

h
m

en
t

si
m

p
ly

re
m

o
v
es

el
ec

tr
o
n
s

fr
o
m

th
e

en
er

g
y

d
is

tr
ib

u
ti

o
n
:

C̃
0
,k

=
at

ta
ch

m
en

t
=

−
γ
x

k
ε
σ

k
(ε

)F
0
(ε

).
(3

1
)

E
le

ct
ro

n
–
el

ec
tr

o
n

co
ll

is
io

n
s.

P
re

v
io

u
s

w
o
rk

[ 9
]

g
iv

es
th

e

fo
ll

o
w

in
g

ex
p
re

ss
io

n
fo

r
th

e
co

ll
is

io
n

te
rm

d
u
e

to
el

ec
tr

o
n
–

el
ec

tr
o
n

co
ll

is
io

n
s,

as
su

m
in

g
th

e
el

ec
tr

o
n

d
is

tr
ib

u
ti

o
n

to
b
e

is
o
tr

o
p
ic

:

C̃
0
,e

=
a

n N

[ 3
ε

1
/
2
F

2 0
+

2
ε

3
/
2
∂
ψ ∂
ε

∂ ∂
ε

( ε
1
/
2
∂
F

0

∂
ε

) +
ψ

∂
F

0

∂
ε

] ,

(3
2
)

w
h
er

e

ψ
=

3
A

1
−

A
2 ε

+
2
ε

1
/
2
A

3
,

(3
3
)

A
1

=

∫ ε 0

u
1
/
2
F

0
(u

)
d
u
,

(3
4
)

A
2

=

∫ ε 0

u
3
/
2
F

0
(u

)
d
u
,

(3
5
)

A
3

=

∫ ∞ ε

F
0
(u

)
d
u
,

(3
6
)

a
=

e
2
γ

2
4
π

ε
2 0

ln
�

,
�

=
1
2
π

(ε
0
k

B
T

e
)3

/
2

e
3
n

1
/
2

,

k
B
T

e
=

2 3
e
A

2
(∞

).
(3

7
)

A
ft

er
so

m
e

m
an

ip
u
la

ti
o
n

th
is

b
ec

o
m

es
:

C̃
0
,e

=
a

n N

∂ ∂
ε

[ 3
A

1
F

0
+

2
(A

2
+

ε
3
/
2
A

3
)
∂
F

0

∂
ε

] ,
(3

8
)

w
h
ic

h
ex

p
re

ss
es

th
e

el
ec

tr
o
n
–
el

ec
tr

o
n

co
ll

is
io

n
te

rm
as

th
e

d
iv

er
g
en

ce
o
f

th
e

el
ec

tr
o
n

fl
u
x

in
en

er
g
y

sp
ac

e.
T

h
e

fi
rs

t

te
rm

o
f

th
e

fl
u
x

re
p
re

se
n
ts

co
o
li

n
g

b
y

co
ll

is
io

n
s

w
it

h
co

ld
er

el
ec

tr
o
n
s

(A
1

is
th

e
fr

ac
ti

o
n

o
f

el
ec

tr
o
n
s

b
el

o
w

ε
)

an
d

th
e

se
co

n
d

te
rm

is
u
su

al
ly

h
ea

ti
n
g

(d
if

fu
si

o
n

to
h
ig

h
er

en
er

g
ie

s)
.

F
o
r

a
M

ax
w

el
li

an
d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n

th
e

tw
o

te
rm

s
ca

n
ce

l

o
u
t,

as
ca

n
b
e

re
ad

il
y

se
en

b
y

su
b
st

it
u
ti

n
g

F
0

∝
ex

p
(−

ε
/
τ
)

fo
r

ar
b
it

ra
ry

τ
.

2
.5

.
E

q
u
a
ti

o
n

fo
r

th
e

E
E

D
F

W
h
en

co
m

b
in

in
g

th
e

p
re

v
io

u
s

eq
u
at

io
n
s,

w
e

fi
n
d

an
eq

u
at

io
n

fo
r

F
0

th
at

lo
o
k
s

li
k
e

a
co

nv
ec

ti
o
n
-d

if
fu

si
o
n

co
n
ti

n
u
it

y
-

eq
u
at

io
n

in
en

er
g
y

sp
ac

e:

∂ ∂
ε

( W̃
F

0
−

D̃
∂
F

0

∂
ε

) =
S̃
,

(3
9
)

w
h
er

e

W̃
=

−
γ
ε

2
σ

ε
−

3
a

n N
A

1
,

(4
0
)

D̃
=

γ 3

( E N

) 2
ε σ̃
m

+
γ
k

B
T

e
ε

2
σ

ε
+

2
a

n N
(A

2
+

ε
3
/
2
A

3
),

(4
1
)

σ
ε
=

∑
k
=

el
as

ti
c

2
m

M
k

x
k
σ

k
,

(4
2
)

S̃
=

∑
k
=

in
el

as
ti

c

C̃
0
,k

+
G

.
(4

3
)

It
is

in
st

ru
ct

iv
e

to
in

te
rp

re
tt

h
e

le
ft

-h
an

d
si

d
e

o
f
eq

u
at

io
n

( 3
9

)
as

th
e

d
iv

er
g
en

ce
o
f

th
e

el
ec

tr
o
n

fl
u
x

in
en

er
g
y

sp
ac

e.
T

h
is

fl
u
x

th
en

h
as

a
co

nv
ec

ti
o
n

p
ar

t
w

it
h

a
n
eg

at
iv

e
fl

o
w

v
el

o
ci

ty
W̃

,

re
p
re

se
n
ti

n
g

co
o
li

n
g

b
y

el
as

ti
c

co
ll

is
io

n
s

w
it

h
le

ss
en

er
g
et

ic

p
ar

ti
cl

es
(n

eu
tr

al
s

o
r

el
ec

tr
o
n
s)

,
an

d
a

d
if

fu
si

v
e

p
ar

t
w

it
h

d
if

fu
si

o
n

co
ef

fi
ci

en
tD̃

,r
ep

re
se

n
ti

n
g

h
ea

ti
n
g

b
y

th
e

fi
el

d
an

d
b
y

el
as

ti
c

co
ll

is
io

n
s

w
it

h
m

o
re

en
er

g
et

ic
p
ar

ti
cl

es
.

N
o
te

th
at

in
th

e

ca
se

o
f

H
F

fi
el

d
s

th
e

h
ea

ti
n
g

te
rm

is
m

o
d
ifi

ed
as

d
is

cu
ss

ed
in

se
ct

io
n

2
.3

.
N

o
te

al
so

th
at

th
e

so
u
rc

e
te

rm
S̃

o
n

th
e

ri
g
h
t-

h
an

d

si
d
e

o
f
eq

u
at

io
n

(3
9
)
h
as

th
e

sp
ec

ia
lp

ro
p
er

ty
th

at
it

is
n
o
n
-l

o
ca

l:

d
u
e

to
th

e
sc

at
te

ri
n
g
-i

n
te

rm
s

it
d
ep

en
d
s

o
n

en
er

g
ie

s
el

se
w

h
er

e

in
en

er
g
y

sp
ac

e.
T

h
is

m
ea

n
s

th
at

th
e

eq
u
at

io
n

is
n
o

o
rd

in
ar

y

d
if

fe
re

n
ti

al
eq

u
at

io
n

an
d

so
lv

in
g

it
re

q
u
ir

es
so

m
e

sp
ec

ia
l
ca

re
.

2
.6

.
N

u
m

er
ic

a
l

so
lu

ti
o
n

o
f

th
e

eq
u
a
ti

o
n

E
q
u
at

io
n

( 3
9
)

is
d
is

cr
et

iz
ed

o
n

a
g
ri

d
in

en
er

g
y

sp
ac

e,

co
n
si

st
in

g
o
f

a
se

ri
es

o
f

su
b
se

q
u
en

t
en

er
g
y

in
te

rv
al

s,
h
er

e

ca
ll

ed
g
ri

d
ce

ll
s,

n
u
m

b
er

ed
i

=
1
,
2
,
..

..
T

h
e

su
b
sc

ri
p
t

i

re
fe

rs
to

th
e

ce
n
tr

e
o
f

th
e

g
ri

d
ce

ll
i

an
d

th
e

su
b
sc

ri
p
t
i

+
1 2

to
th

e
b
o
u
n
d
ar

y
b
et

w
ee

n
th

e
ce

ll
s

i
an

d
i

+
1
.

T
h
e

en
er

g
y

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n

F
0

is
d
efi

n
ed

in
th

e
ce

ll
ce

n
tr

es
.

F
o
r

ea
ch

ce
ll

i
w

e
o
b
ta

in
a

li
n
ea

r
eq

u
at

io
n

re
la

ti
n
g

th
e

lo
ca

lv
al

u
e
F

0
,i

to

th
e

v
al

u
es

F
0
,j

in
th

e
o
th

er
ce

ll
s,

b
y

in
te

g
ra

ti
n
g

th
e

d
if

fe
re

n
ti

al

eq
u
at

io
n

o
v
er

th
e

ce
ll

:
[ W̃

F
0
−

D̃
∂
F

0

∂
ε

] i+
1
/
2

−

[ W̃
F

0
−

D̃
∂
F

0

∂
ε

] i−
1
/
2

=

∫ ε i+
1
/
2

ε
i−

1
/
2

S̃
d
ε

(4
4
)

an
d

th
en

d
is

cr
et

iz
in

g
th

e
v
ar

io
u
s

te
rm

s.

7
2
6

E
le

ct
ro

n
B

o
lt

zm
an

n
eq

u
at

io
n

so
lv

er
fo

r
fl

u
id

m
o
d
el

s

T
h
e

le
ft

-h
an

d
si

d
e

o
f

th
e

eq
u
at

io
n

is
d
is

cr
et

iz
ed

b
y

th
e

ex
p
o
n
en

ti
al

sc
h
em

e
o
f

S
ch

ar
fe

tt
er

an
d

G
u
m

m
el

[ 2
8
]

co
m

m
o
n
ly

u
se

d
fo

r
co

nv
ec

ti
o
n
-d

if
fu

si
o
n

p
ro

b
le

m
s:

[ W̃
F

0
−

D̃
∂
F

0

∂
ε

] i+
1
/
2

=
W̃

i+
1
/
2
F

0
,i

1
−

ex
p
[−

z
i+

1
/
2
]

+
W̃

i+
1
/
2
F

0
,i

+
1

1
−

ex
p
[z

i+
1
/
2
],

(4
5
)

w
h
er

e
z
i+

1
/
2

=
W̃

i+
1
/
2
(ε

i+
1
−

ε
i)

/
D̃

i+
1
/
2

(P
ec

le
tn

u
m

b
er

).
T

h
is

sc
h
em

e
is

v
er

y
ac

cu
ra

te
w

h
en

th
e

co
nv

ec
ti

o
n

an
d

d
if

fu
si

o
n

te
rm

s
ar

e
ab

o
u
t

eq
u
al

,
i.

e.
w

h
en

in
el

as
ti

c
co

ll
is

io
n
s

p
la

y
n
o

im
p
o
rt

an
t

ro
le

,
an

d
b
ec

o
m

es
eq

u
iv

al
en

t
to

a
se

co
n
d
-o

rd
er

ac
cu

ra
te

ce
n
tr

al
-d

if
fe

re
n
ce

sc
h
em

e
w

h
en

th
e

d
if

fu
si

o
n

te
rm

is

d
o
m

in
an

t.
T

h
e

el
ec

tr
o
n
–
el

ec
tr

o
n

co
ll

is
io

n
te

rm
s

in
W̃

an
d

D̃

d
ep

en
d

o
n

F
0

an
d

re
q
u
ir

e
it

er
at

io
n
.

T
o

sp
ee

d
u
p

co
nv

er
g
en

ce

th
es

e
te

rm
s

ar
e

im
p
li

ci
tl

y
co

rr
ec

te
d
.

In
ad

d
it

io
n
,

w
e

st
ar

t
th

e

it
er

at
io

n
p
ro

ce
d
u
re

fr
o
m

a
M

ax
w

el
li

an
d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n

at

a
te

m
p
er

at
u
re

d
ed

u
ce

d
fr

o
m

th
e

g
lo

b
al

en
er

g
y

b
al

an
ce

o
f

th
e

el
ec

tr
o
n
s.

T
h
e

in
el

as
ti

c
co

ll
is

io
n

te
rm

s
o
n

th
e

ri
g
h
t-

h
an

d
si

d
e

ar
e

n
o
n
-l

o
ca

l
in

en
er

g
y

b
u
t

li
n
ea

r
in

F
0

an
d

ar
e

ev
al

u
at

ed
fu

ll
y

im
p
li

ci
tl

y,
w

h
ic

h
in

v
o
lv

es
d
ir

ec
t

in
v
er

si
o
n

o
f

a
m

at
ri

x
th

at

is
m

o
re

o
r

le
ss

sp
ar

se
,

d
ep

en
d
in

g
o
n

th
e

d
if

fe
re

n
t

th
re

sh
o
ld

en
er

g
ie

s
o
f

th
e

co
ll

is
io

n
s.

W
e

d
is

cr
et

iz
e

as
fo

ll
o
w

s:

∫ ε i+
1
/
2

ε
i−

1
/
2

S̃
d
ε

≡
−

P
iF

0
,i

+
∑ j

Q
i,
j
F

0
,j
,

(4
6
)

w
h
er

e
th

e
tw

o
te

rm
s

re
p
re

se
n
ts

ca
tt

er
in

g
-o

u
ta

n
d

sc
at

te
ri

n
g
-i

n
:

P
i
=

∑
in

el
as

ti
c

γ
x

k

∫ ε i+
1
/
2

ε
i−

1
/
2

ε
σ

k
ex

p
[(

ε
i
−

ε
)g

i]
d
ε
,

(4
7
)

Q
i,
j

=
∑

in
el

as
ti

c

γ
x

k

∫ ε 2 ε
1

ε
σ

k
ex

p
[(

ε
j
−

ε
)g

j
]
d
ε
,

(4
8
)

w
h
er

e
th

e
in

te
rv

al
[ε

1
,
ε

2
]

is
th

e
o
v
er

la
p

o
f

ce
ll

j
,

an
d

ce
ll

i

sh
if

te
d

b
y

th
e

th
re

sh
o
ld

en
er

g
y

u
k
:

ε
1

=
m

in
(m

ax
(ε

i−
1
/
2

+
u

k
,
ε
j
−

1
/
2
),

ε
j

+
1
/
2
),

(4
9
)

ε
2

=
m

in
(m

ax
(ε

i+
1
/
2

+
u

k
,
ε
j
−

1
/
2
),

ε
j

+
1
/
2
).

(5
0
)

T
h
e

ex
p
o
n
en

ti
al

fa
ct

o
rs

in
th

e
P

-
an

d
Q

-i
n
te

g
ra

ls
as

su
m

e
th

e

d
is

tr
ib

u
ti

o
n

F
0

to
b
e

p
ie

ce
w

is
e

ex
p
o
n
en

ti
al

,
w

it
h

a
(l

o
ca

l)

lo
g
ar

it
h
m

ic
sl

o
p
e

es
ti

m
at

ed
as

g
i
=

1

ε
i+

1
−

ε
i−

1

ln

( F
0
,i

+
1

F
0
,i

−
1

) .
(5

1
)

T
h
is

te
ch

n
iq

u
e

re
q
u
ir

es
it

er
at

io
n

b
u
t

co
nv

er
g
es

ex
tr

em
el

y

ra
p
id

ly
.

T
h
e

P
-

an
d

Q
-i

n
te

g
ra

ls
ar

e
ca

lc
u
la

te
d

ex
ac

tl
y,

as
su

m
in

g
th

e
cr

o
ss

se
ct

io
n
s

to
b
e

li
n
ea

r
in

b
et

w
ee

n
th

e
p
o
in

ts

sp
ec

ifi
ed

b
y

th
e

u
se

r
in

a
ta

b
le

o
f

cr
o
ss

se
ct

io
n

v
er

su
s

en
er

g
y.

F
o
r

si
m

p
li

ci
ty

w
e

h
av

e
n
o
t

w
ri

tt
en

o
u
t

th
e

ef
fe

ct
s

o
f

io
n
iz

at
io

n
o
r

at
ta

ch
m

en
t

in
th

e
ab

o
v
e

eq
u
at

io
n
s.

In
th

e

ca
se

o
f

io
n
iz

at
io

n
th

e
sc

at
te

ri
n
g
-i

n
te

rm
ac

co
u
n
ts

fo
r

th
e

se
co

n
d
ar

y
el

ec
tr

o
n
s,

as
d
is

cu
ss

ed
b
ef

o
re

,
an

d
in

th
e

ca
se

o
f

at
ta

ch
m

en
t

th
er

e
is

n
o

sc
at

te
ri

n
g
-i

n
.

In
ei

th
er

ca
se

an

ad
d
it

io
n
al

g
ro

w
th

-r
en

o
rm

al
iz

at
io

n
te

rm
is

in
cl

u
d
ed

ac
co

u
n
ti

n
g

fo
r

te
m

p
o
ra

l
o
r

sp
at

ia
l

g
ro

w
th

,
as

d
is

cu
ss

ed
b
ef

o
re

.
T

h
e

g
ro

w
th

-r
en

o
rm

al
iz

at
io

n
te

rm
is

n
o
n
-l

in
ea

r
in

F
0

an
d

al
so

re
q
u
ir

es
it

er
at

io
n
.

T
o

en
su

re
co

nv
er

g
en

ce
,

h
o
w

ev
er

,
th

is
te

rm

m
u
st

b
e

li
n
ea

ri
ze

d
an

d
p
ar

tl
y

ev
al

u
at

ed
im

p
li

ci
tl

y.
W

e
u
se

d
if

fe
re

n
tw

ay
s

o
f

li
n
ea

ri
zi

n
g

th
is

te
rm

d
ep

en
d
in

g
o
n

th
e

g
ro

w
th

ty
p
e

(t
em

p
o
ra

l
g
ro

w
th

o
r

sp
at

ia
l
g
ro

w
th

)
an

d
o
n

th
e

si
g
n

o
f

th
e

n
et

el
ec

tr
o
n

p
ro

d
u
ct

io
n

(p
ro

d
u
ct

io
n

o
r

lo
ss

).
W

e
im

p
o
se

th
at

th
e

te
rm

in
te

g
ra

te
d

o
v
er

al
l

en
er

g
ie

s
eq

u
al

s
ex

ac
tl

y
th

e
n
et

p
ro

d
u
ct

io
n
.

W
e

im
p
o
se

th
e

b
o
u
n
d
ar

y
co

n
d
it

io
n

th
at

th
er

e
is

n
o

fl
u
x

in
en

er
g
y

sp
ac

e
at

ze
ro

en
er

g
y.

In
ad

d
it

io
n

w
e

im
p
o
se

th
e

n
o
rm

al
iz

at
io

n
co

n
d
it

io
n
.

3
.

C
o

ef
fi

ci
en

ts
fo

r
fl

u
id

eq
u

a
ti

o
n

s

A
lt

h
o
u
g
h

m
o
re

fl
ex

ib
le

th
an

B
O

L
S

IG
an

d
m

o
st

o
th

er
so

lv
er

s,

o
u
r
B

E
so

lv
er

o
n
ly

d
es

cr
ib

es
th

e
si

m
p
le

st
d
is

ch
ar

g
e

co
n
d
it

io
n
s:

u
n
if

o
rm

el
ec

tr
ic

fi
el

d
,

u
n
if

o
rm

o
r

ex
p
o
n
en

ti
al

ly
g
ro

w
in

g

el
ec

tr
o
n

d
en

si
ty

,
et

c.
W

e
n
o
w

w
an

t
to

u
se

th
e

re
su

lt
s

fr
o
m

th
e

B
E

so
lv

er
to

o
b
ta

in
tr

an
sp

o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
t

fo
r
fl

u
id

m
o
d
el

s
w

h
ic

h
d
es

cr
ib

e
m

u
ch

m
o
re

g
en

er
al

co
n
d
it

io
n
s:

ar
b
it

ra
ri

ly
v
ar

y
in

g
el

ec
tr

ic
fi

el
d
s,

el
ec

tr
o
n

d
en

si
ti

es
,

et
c.

T
h
is

im
p
li

es
a

g
en

er
al

iz
at

io
n

o
f

th
e

co
ef

fi
ci

en
ts

as
a

fu
n
ct

io
n

o
f

E
/
N

o
r

m
ea

n
el

ec
tr

o
n

en
er

g
y,

w
h
ic

h
is

d
if

fi
cu

lt
to

ju
st

if
y

an
d

sh
o
u
ld

b
e

se
en

as
ju

st
an

as
su

m
p
ti

o
n

m
ad

e
o
u
t

o
f

te
ch

n
ic

al

n
ec

es
si

ty
.

H
o
w

ev
er

,
if

w
e

ar
e

ca
re

fu
l

ab
o
u
t

th
e

d
efi

n
it

io
n

o
f

th
e

co
ef

fi
ci

en
ts

,
w

e
ca

n
en

su
re

th
at

w
h
en

ev
er

th
e

fl
u
id

m
o
d
el

is
u
se

d
fo

r
th

e
si

m
p
le

co
n
d
it

io
n
s

as
su

m
ed

b
y

th
e

B
E

so
lv

er
,

it
y
ie

ld
s

ex
ac

tl
y

th
e

sa
m

e
m

ea
n

v
el

o
ci

ty
an

d
m

ea
n

en
er

g
y

as

th
e

so
lv

er
.

W
e

th
u
s

o
b
ta

in
m

ax
im

u
m

co
n
si

st
en

cy
b
et

w
ee

n
th

e

fl
u
id

m
o
d
el

an
d

th
e

B
E

.

In
o
rd

er
to

fi
n
d

o
u
t

h
o
w

b
es

t
to

ca
lc

u
la

te
th

e
tr

an
sp

o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

fr
o
m

th
e

en
er

g
y

d
is

tr
ib

u
ti

o
n

fu
n
ct

io
n

F
0
,

w
e

n
ee

d
to

m
ak

e
th

e
li

n
k

b
et

w
ee

n
th

e
tw

o
-t

er
m

fo
rm

u
la

ti
o
n

o
f

th
e

B
E

eq
u
at

io
n
,

re
p
re

se
n
te

d
b
y

eq
u
at

io
n
s

(5
)

an
d

( 6
),

an
d

th
e

fl
u
id

eq
u
at

io
n
s.

In
th

e
n
ex

t
fe

w
se

ct
io

n
s

w
e

d
is

cu
ss

th
is

fo
r

co
m

m
o
n

fl
u
id

eq
u
at

io
n
s

an
d

th
ei

r
co

ef
fi

ci
en

ts
.

3
.1

.
E

le
ct

ro
n

tr
a
n
sp

o
rt

T
h
e

co
n
ti

n
u
it

y
eq

u
at

io
n

fo
r

el
ec

tr
o
n
s

ca
n

b
e

o
b
ta

in
ed

fr
o
m

eq
u
at

io
n

( 5
)

b
y

m
u
lt

ip
ly

in
g

b
y

ε
1
/
2

an
d

in
te

g
ra

ti
n
g

o
v
er

al
l

en
er

g
ie

s:
∂
n

∂
t

+
∂
Ŵ ∂
z

=
S
,

(5
2
)

w
h
er

e
S

is
th

e
n
et

el
ec

tr
o
n

so
u
rc

e
te

rm
an

d
th

e
el

ec
tr

o
n

fl
u
x

is

Ŵ
=

n
w

=
n
γ 3

∫ ∞ 0

ε
F

1
d
ε
.

(5
3
)

C
o
m

b
in

in
g

th
is

w
it

h
eq

u
at

io
n

(6
),

w
e

fi
n
d

th
e

w
el

l-
k
n
o
w

n

d
ri

ft
-d

if
fu

si
o
n

eq
u
at

io
n

Ŵ
=

−
µ

E
n

−
∂
(D

n
)

∂
z

,
(5

4
)

w
h
er

e
th

e
m

o
b
il

it
y

an
d

d
if

fu
si

o
n

co
ef

fi
ci

en
t

ar
e

g
iv

en
b
y

µ
N

=
−

γ 3

∫ ∞ 0

ε σ̃
m

∂
F

0

∂
ε

d
ε
,

(5
5
)

D
N

=
γ 3

∫ ∞ 0

ε σ̃
m

F
0

d
ε
.

(5
6
)

T
h
e

ef
fe

ct
iv

e
m

o
m

en
tu

m
-t

ra
n
sf

er
cr

o
ss

-s
ec

ti
o
n

σ̃
m

in
th

es
e

eq
u
at

io
n
s

in
cl

u
d
es

th
e

ef
fe

ct
o
f

p
o
ss

ib
le

te
m

p
o
ra

l
g
ro

w
th

as

7
2
7



G
J

M
H

ag
el

aa
r

an
d

L
C

P
it

ch
fo

rd

g
iv

en
b
y

eq
u
at

io
n

(1
2
).

A
lt

h
o
u
g
h

th
e

n
o
rm

al
iz

ed
en

er
g
y

d
is

tr
ib

u
ti

o
n

F
0

is
as

su
m

ed
to

b
e

in
d
ep

en
d
en

t
o
f

sp
ac

e
w

h
en

so
lv

in
g

th
e

B
E

,
th

e
ab

o
v
e

fl
u
id

eq
u
at

io
n
s

an
d

co
ef

fi
ci

en
t

d
efi

n
it

io
n
s

ar
e

al
so

v
al

id
in

ca
se

th
e

en
er

g
y

d
is

tr
ib

u
ti

o
n

is
sp

ac
e

d
ep

en
d
en

t.
T

h
e

d
if

fu
si

o
n

co
ef

fi
ci

en
t

in
eq

u
at

io
n

(5
4
)

th
en

cl
ea

rl
y

ap
p
ea

rs
in

si
d
e

th
e

d
iv

er
g
en

ce
an

d
ca

n
g
en

er
al

ly
n
o
t

b
e

p
u
t

in
fr

o
n
t

o
f

it
,
as

is
d
o
n
e

in
F

ic
k
’s

la
w

.

3
.2

.
E

n
er

g
y

tr
a
n
sp

o
rt

S
im

il
ar

to
th

e
d
er

iv
at

io
n

o
f

th
e

co
n
ti

n
u
it

y
eq

u
at

io
n

in
th

e
p
re

v
io

u
s

se
ct

io
n
,

th
e

en
er

g
y

eq
u
at

io
n

is
o
b
ta

in
ed

fr
o
m

eq
u
at

io
n

( 5
)

b
y

m
u
lt

ip
ly

in
g

b
y

ε
3
/
2

an
d

in
te

g
ra

ti
n
g
:

∂
n

ε

∂
t

+
∂
Ŵ

ε

∂
z

+
E

Ŵ
=

S
ε
,

(5
7
)

w
h
er

e
th

e
en

er
g
y

d
en

si
ty

an
d

th
e

en
er

g
y

fl
u
x

ar
e

g
iv

en
b
y

n
ε
=

n

∫ ∞ 0

ε
3
/
2
F

0
d
ε

≡
n
ε̄
,

(5
8
)

Ŵ
ε
=

n
γ 3

∫ ∞ 0

ε
2
F

1
d
ε
,

(5
9
)

w
h
er

e
ε̄

is
th

e
m

ea
n

el
ec

tr
o
n

en
er

g
y

in
el

ec
tr

o
nv

o
lt

s.
T

h
e

la
st

te
rm

o
n

th
e

le
ft

-h
an

d
si

d
e

o
f

eq
u
at

io
n

(5
7
)

re
p
re

se
n
ts

h
ea

ti
n
g

b
y

th
e

el
ec

tr
ic

fi
el

d
;

th
e

te
rm

S
ε

o
n

th
e

ri
g
h
t-

h
an

d
si

d
e

is
th

e
to

ta
l

en
er

g
y

tr
an

sf
er

(u
su

al
ly

lo
ss

)
d
u
e

to
co

ll
is

io
n
s.

U
si

n
g

eq
u
at

io
n

( 6
),

w
e

ca
n

w
ri

te
th

e
en

er
g
y

fl
u
x

as
w

el
l

in
a

d
ri

ft
-

d
if

fu
si

o
n

fo
rm

:

Ŵ
ε
=

−
µ

ε
E

n
ε
−

∂
(D

ε
n

ε
)

∂
z

,
(6

0
)

w
h
er

e
th

e
en

er
g
y

m
o
b
il

it
y

an
d

th
e

en
er

g
y

d
if

fu
si

o
n

co
ef

fi
ci

en
t

ar
e

d
efi

n
ed

b
y

µ
ε
N

=
−

γ 3
ε̄

∫ ∞ 0

ε
2

σ̃
m

∂
F

0

∂
ε

d
ε
,

(6
1
)

D
ε
N

=
γ 3
ε̄

∫ ∞ 0

ε
2

σ̃
m

F
0

d
ε
.

(6
2
)

T
h
e

ab
o
v
e

fo
rm

u
la

ti
o
n

o
f

th
e

en
er

g
y

eq
u
at

io
n

is
so

m
ew

h
at

u
n
u
su

al
b
u
t

w
e

re
co

m
m

en
d

it
b
ec

au
se

o
f

it
s

co
n
si

st
en

cy
w

it
h

th
e

tw
o
-t

er
m

B
E

.T
h
e

fo
rm

u
la

ti
o
n

is
b
as

ic
al

ly
eq

u
iv

al
en

tt
o

th
at

o
f

A
ll

is
[2

9
];

o
u
r

en
er

g
y

m
o
b
il

it
y

an
d

d
if

fu
si

o
n

co
ef

fi
ci

en
t
ar

e
st

ra
ig

h
tf

o
rw

ar
d
ly

re
la

te
d

to
A

ll
is

’
th

er
m

o
el

ec
tr

ic
it

y
β

an
d

h
ea

t
d
if

fu
si

o
n

G
as

µ
ε

=
β
/
ε̄

an
d

D
ε

=
G

/
ε̄
;

so
m

e
o
th

er
au

th
o
rs

u
si

n
g

th
is

ap
p
ro

ac
h

ar
e

In
g
o
ld

[3
0
]

an
d

A
lv

es
et

a
l

[3
1
].

O
th

er
fo

rm
u
la

ti
o
n
s

o
f

th
e

en
er

g
y

eq
u
at

io
n

fo
u
n
d

in
th

e
li

te
ra

tu
re

[3
2
]

sh
o
w

a
se

p
ar

at
io

n
o
f

th
e

el
ec

tr
o
n

en
er

g
y

fl
u
x

in
to

a
co

nv
ec

ti
v
e

p
ar

t
p
ro

p
o
rt

io
n
al

to
th

e
el

ec
tr

o
n

fl
u
x

an
d

a
th

er
m

al
co

n
d
u
ct

io
n

p
ar

t
p
ro

p
o
rt

io
n
al

to
th

e
g
ra

d
ie

n
t

o
f

th
e

m
ea

n
el

ec
tr

o
n

en
er

g
y
;

th
is

h
o
w

ev
er

in
v
o
lv

es
ad

d
it

io
n
al

as
su

m
p
ti

o
n
s

an
d

m
ay

le
ad

to
am

b
ig

u
it

y
in

th
e

d
efi

n
it

io
n

o
f

th
e

en
er

g
y

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

(e
.g

.t
h
e

th
er

m
al

co
n
d
u
ct

iv
it

y
ap

p
ea

ri
n
g

in
su

ch
en

er
g
y

eq
u
at

io
n
s)

;
so

m
e

fu
rt

h
er

d
is

cu
ss

io
n

o
n

th
is

is
su

e
is

g
iv

en
in

se
ct

io
n

4
.5

.
N

o
te

al
so

th
at

th
e

ab
o
v
e

fo
rm

u
la

ti
o
n

o
f

th
e

en
er

g
y

eq
u
at

io
n

is
te

ch
n
ic

al
ly

co
nv

en
ie

n
t

b
ec

au
se

it
h
as

ex
ac

tl
y

th
e

sa
m

e
fo

rm
as

th
e

p
ar

ti
cl

e
co

n
ti

n
u
it

y
eq

u
at

io
n

an
d

ca
n

b
e

so
lv

ed
fo

r
n

ε
b
y

th
e

sa
m

e
n
u
m

er
ic

al
ro

u
ti

n
e.

T
h
e

m
ea

n
en

er
g
y

is
su

b
se

q
u
en

tl
y

o
b
ta

in
ed

b
y

d
iv

id
in

g
,ε̄

=
n

ε
/
n

.
A

se
m

i-
im

p
li

ci
t

te
ch

n
iq

u
e

to
av

o
id

n
u
m

er
ic

al
in

st
ab

il
it

ie
s

d
u
e

to
th

e
p
o
ss

ib
le

en
er

g
y
-d

ep
en

d
en

ce
o
f

th
e

so
u
rc

e
te

rm
S

ε
h
as

p
re

v
io

u
sl

y
b
ee

n
d
ev

el
o
p
ed

[ 3
3
]

an
d

p
ro

v
ed

to
w

o
rk

v
er

y
w

el
l.

3
.3

.
S
o
u
rc

e
te

rm
s

V
ar

io
u
s

co
ef

fi
ci

en
ts

ca
n

b
e

d
efi

n
ed

fo
r

th
e

p
u
rp

o
se

o
f

ca
lc

u
la

ti
n
g

th
e

re
ac

ti
o
n

ra
te

s
ap

p
ea

ri
n
g

in
th

e
so

u
rc

e
te

rm
s

o
f

fl
u
id

eq
u
at

io
n
s.

M
o
st

st
ra

ig
h
tf

o
rw

ar
d

is
to

d
efi

n
e

ra
te

co
ef

fi
ci

en
ts

(i
n

u
n
it

s
o
f

v
o
lu

m
e

p
er

ti
m

e)
as

k
k

=
γ

∫ ∞ 0

ε
σ

k
F

0
d
ε
,

(6
3
)

fr
o
m

w
h
ic

h
th

e
re

ac
ti

o
n

ra
te

fo
r

th
e

co
ll

is
io

n
p
ro

ce
ss

es
k

is

o
b
ta

in
ed

b
y

m
u
lt

ip
li

ca
ti

o
n

b
y

th
e

d
en

si
ty

o
f

th
e

el
ec

tr
o
n
s

an
d

th
e

ta
rg

et
sp

ec
ie

s:

R
k

=
k
k
x

k
N

n
.

(6
4
)

In
an

al
te

rn
at

iv
e

ap
p
ro

ac
h

o
n
e

ca
n

d
efi

n
e

T
o
w

n
se

n
d

co
ef

fi
ci

en
ts

α
k

(i
n

u
n
it

s
o
f

in
v
er

se
le

n
g
th

)
su

ch
th

at

R
k

=
α

k
x

k
|Ŵ

|.
(6

5
)

F
o
r

th
e

ca
se

s
o
f

te
m

p
o
ra

l
an

d
sp

at
ia

l
g
ro

w
th

d
is

cu
ss

ed
in

se
ct

io
n

2
.2

,
th

es
e

T
o
w

n
se

n
d

co
ef

fi
ci

en
ts

ar
e

th
en

g
iv

en
b
y

α
k

N
=

k
k
α

ν̄
i

(6
6
)

an
d

α
k

N
=

k
k

µ
E

.
(6

7
)

U
si

n
g

T
o
w

n
se

n
d

co
ef

fi
ci

en
ts

,
th

e
re

ac
ti

o
n

ra
te

s
ar

e
ca

lc
u
la

te
d

fr
o
m

th
e

el
ec

tr
o
n

fl
u
x

ra
th

er
th

an
fr

o
m

th
e

el
ec

tr
o
n

d
en

si
ty

.

C
le

ar
ly

th
is

m
ak

es
n
o

d
if

fe
re

n
ce

fo
r

th
e

ca
se

s
o
f

p
u
re

sp
at

ia
l

o
r
te

m
p
o
ra

lg
ro

w
th

,b
u
ti

n
g
en

er
al

eq
u
at

io
n
s

( 6
6
)
an

d
(6

7
)
y
ie

ld

d
if

fe
re

n
t

re
su

lt
s.

It
is

re
co

m
m

en
d
ed

to
u
se

ra
te

co
ef

fi
ci

en
ts

in

si
tu

at
io

n
s

w
h
er

e
th

e
el

ec
tr

o
n
s

d
if

fu
se

ag
ai

n
st

th
e

el
ec

tr
ic

fo
rc

e

(p
la

sm
a

b
u
lk

)
an

d
T

o
w

n
se

n
d

co
ef

fi
ci

en
ts

in
si

tu
at

io
n
s

w
h
er

e

th
e

fl
u
x

is
fi

el
d

d
ri

v
en

.
T

h
e

u
se

o
f

T
o
w

n
se

n
d

co
ef

fi
ci

en
ts

is

es
p
ec

ia
ll

y
re

co
m

m
en

d
ed

fo
r

m
o
d
el

li
n
g

th
e

ca
th

o
d
e

re
g
io

n
in

d
c

d
is

ch
ar

g
es

,
w

h
er

e
th

e
p
o
o
r

p
h
y
si

ca
l

re
al

it
y

o
f

th
e

d
ri

ft
-

d
if

fu
si

o
n

eq
u
at

io
n

le
ad

s
to

la
rg

e
er

ro
rs

in
th

e
el

ec
tr

o
n

d
en

si
ty

b
u
t

h
ar

d
ly

af
fe

ct
s

th
e

el
ec

tr
o
n

fl
u
x
;

m
o
d
el

s
w

it
h
o
u
t

en
er

g
y

eq
u
at

io
n

m
ay

n
o
t

ev
en

h
av

e
a

so
lu

ti
o
n

w
h
en

ra
te

co
ef

fi
ci

en
ts

ar
e

u
se

d
in

th
e

ca
th

o
d
e

fa
ll

.

3
.4

.
H

ig
h

fr
eq

u
en

cy
m

o
m

en
tu

m
eq

u
a
ti

o
n

S
o
m

e
m

o
d
el

s
o
f

H
F

d
is

ch
ar

g
es

u
se

an
el

ec
tr

o
n

m
o
m

en
tu

m

eq
u
at

io
n

o
f

th
e

fo
rm

∂
w ∂
t

+
ν̄

ef
f
w

=
−

φ
e m

E
,

(6
8
)

w
h
er

e
w

is
th

e
el

ec
tr

o
n

d
ri

ft
v
el

o
ci

ty
an

d
ν̄

ef
f

is
an

ef
fe

ct
iv

e

co
ll

is
io

n
fr

eq
u
en

cy
.

T
h
e

fa
ct

o
r
φ

is
u
su

al
ly

o
m

it
te

d
,

b
u
t

w
e

sh
o
w

h
er

e
th

at
th

is
fa

ct
o
r

is
n
ee

d
ed

to
b
e

co
n
si

st
en

t
w

it
h

th
e

B
E

.
A

cc
o
rd

in
g

to
th

e
tw

o
-t

er
m

ap
p
ro

ac
h

o
f

se
ct

io
n

2
.3

,
an

d

u
si

n
g

th
e

co
m

p
le

x
n
o
ta

ti
o
n
,

th
e

el
ec

tr
o
n

d
ri

ft
v
el

o
ci

ty
in

H
F

fi
el

d
s

is
eq

u
al

to

w
=

γ
eiω

t

∫ ∞ 0

ε
F

1
d
ε

=
−

γ
E

3
N

∫ ∞ 0

ε
σ̃

m
−

iq

σ̃
2 m

+
q

2

∂
F

0

∂
ε

d
ε

≡
−

(µ
r

+
iµ

i)
E

,
(6

9
)

7
2
8

E
le

ct
ro

n
B

o
lt

zm
an

n
eq

u
at

io
n

so
lv

er
fo

r
fl

u
id

m
o
d
el

s

w
h
ic

h
d
efi

n
es

a
co

m
p
le

x
el

ec
tr

o
n

m
o
b
il

it
y

µ
=

µ
r

+
iµ

i.

S
u
b
st

it
u
ti

n
g

th
is

in
th

e
m

o
m

en
tu

m
eq

u
at

io
n
,

w
e

fi
n
d

th
at

th
e

co
ef

fi
ci

en
ts

m
u
st

b
e

ca
lc

u
la

te
d

as

ν̄
ef

f
=

−
µ

r

µ
i

ω
,

(7
0
)

φ
=

−
µ

2 r
+

µ
2 i

µ
i

m
e
ω

e
.

(7
1
)

T
h
e

fa
ct

o
r
φ

eq
u
al

s
u
n
it

y
fo

r
a

co
n
st

an
t

m
o
m

en
tu

m
-t

ra
n
sf

er

fr
eq

u
en

cy
(σ

m
in

v
er

se
ly

p
ro

p
o
rt

io
n
al

to
ε

1
/
2
)

b
u
t
m

ay
b
e

q
u
it

e

d
if

fe
re

n
t
fr

o
m

u
n
it

y
in

ca
se

th
e

m
o
m

en
tu

m
-t

ra
n
sf

er
fr

eq
u
en

cy

d
ep

en
d
s

o
n

en
er

g
y.

T
h
is

h
as

b
ee

n
p
o
in

te
d

o
u
t

p
re

v
io

u
sl

y
[ 3

4
]

b
u
t

is
fr

eq
u
en

tl
y

o
v
er

lo
o
k
ed

.

W
e

re
m

ar
k

th
at

,
st

ri
ct

ly
sp

ea
k
in

g
,

th
e

m
o
m

en
tu

m

eq
u
at

io
n

(6
8
)

is
n
o
t
v
er

y
u
se

fu
l
to

d
es

cr
ib

e
th

e
el

ec
tr

o
n

m
o
ti

o
n

in
a

p
u
re

h
ar

m
o
n
ic

H
F

fi
el

d
,

si
n
ce

th
e

el
ec

tr
o
n

d
ri

ft
v
el

o
ci

ty

w
ca

n
b
e

o
b
ta

in
ed

d
ir

ec
tl

y
fr

o
m

th
e

co
m

p
le

x
m

o
b
il

it
y

b
y

eq
u
at

io
n

( 6
9
).

H
o
w

ev
er

,
th

e
m

o
m

en
tu

m
eq

u
at

io
n

is
u
se

fu
l

to
d
es

cr
ib

e
m

o
re

g
en

er
al

ca
se

s
w

h
er

e
th

e
el

ec
tr

ic
fi

el
d

is
n
o
t

p
u
re

ly
h
ar

m
o
n
ic

,
b
u
t

re
se

m
b
le

s
a

h
ar

m
o
n
ic

o
sc

il
la

ti
o
n

at
a

ce
rt

ai
n

fr
eq

u
en

cy
.

4
.

E
x

a
m

p
le

s
o

f
re

su
lt

s

W
e

h
av

e
ex

te
n
si

v
el

y
te

st
ed

o
u
r

B
E

so
lv

er
fo

r
th

e
g
as

es
ar

g
o
n

an
d

n
it

ro
g
en

.
T

h
es

e
ar

e
m

o
d
el

g
as

es
u
se

d
in

m
an

y
B

E

ca
lc

u
la

ti
o
n
s

d
es

cr
ib

ed
in

th
e

li
te

ra
tu

re
;

w
e

u
se

th
e

cr
o
ss

se
ct

io
n
s

re
co

m
m

en
d
ed

b
y

P
h
el

p
s

[3
5
].

A
s

d
ef

au
lt

o
p
ti

o
n
s

fo
r

o
u
r

ca
lc

u
la

ti
o
n
s

w
e

co
n
si

d
er

th
e

as
su

m
p
ti

o
n
s

d
o
n
e

b
y

B
O

L
S

IG
an

d
m

o
st

o
th

er
B

E
so

lv
er

s
av

ai
la

b
le

:
ex

p
o
n
en

ti
al

te
m

p
o
ra

lg
ro

w
th

,q
u
as

i-
st

at
io

n
ar

y
el

ec
tr

ic
fi

el
d
,o

n
ly

co
ll

is
io

n
s

w
it

h
g
ro

u
n
d

st
at

e
g
as

p
ar

ti
cl

es
.

F
o
r

th
es

e
as

su
m

p
ti

o
n
s

o
u
r

ca
lc

u
la

ti
o
n

re
su

lt
s

ar
e

id
en

ti
ca

l
to

th
o
se

o
b
ta

in
ed

w
it

h

B
O

L
S

IG
.W

e
co

n
si

d
er

th
at

th
is

ex
ac

ta
g
re

em
en

to
b
ta

in
ed

u
si

n
g

tw
o

v
er

y
d
if

fe
re

n
t

so
lu

ti
o
n

te
ch
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en
u
se

ap
p
ro

x
im

at
io

n
s

co
n
ce

rn
in

g
th

e

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

,
su

ch
as

th
e

E
in

st
ei

n
re

la
ti

o
n

b
et

w
ee

n

th
e

d
if

fu
si

o
n

co
ef

fi
ci

en
t

an
d

th
e

m
o
b
il

it
y.

In
th

is
se

ct
io

n
w

e

ch
ec

k
so

m
e

o
f

th
es

e
ap

p
ro

x
im

at
io

n
s

ag
ai

n
st

th
e

re
su

lt
s

o
f

o
u
r

B
E

so
lv

er
in

o
rd

er
to

g
et

an
id

ea
o
f

th
ei

r
ac

cu
ra

cy
.

7
3
1



G
J

M
H

ag
el

aa
r

an
d

L
C

P
it

ch
fo

rd

2
4

6
8

1
0

0
.0

5
.0

x
1

0
2

4

1
.0

x
1

0
2

5

1
.5

x
1

0
2

5

2
.0

x
1

0
2

5

A
rg

o
n

e
n

e
rg

y
 x

 3
/5

E
in

s
te

in

e
le

c
tr

o
n

s

diffusion coefficient x N (m
-1
/s)

m
e

a
n

 e
n

e
rg

y
 (

e
V

)

2
4

6
8

1
0

0
.0

2
.0

x
1

0
2
4

4
.0

x
1

0
2
4

6
.0

x
1

0
2
4

N
it
ro

g
e

n

e
n
e
rg

y
 x

 3
/5

E
in

s
te

in

e
le

c
tr

o
n

s

diffusion coefficient x N (m
-1
/s)

m
e

a
n

 e
n

e
rg

y
 (

e
V

)

(a
)

(b
)

F
ig

u
re

9
.

D
if

fu
si

o
n

co
ef

fi
ci

en
ts

in
(a

)
ar

g
o
n

an
d

(b
)

n
it

ro
g
en

fo
r

el
ec

tr
o
n
s

an
d

el
ec

tr
o
n

en
er

g
y,

ca
lc

u
la

te
d

p
re

ci
se

ly
an

d
ca

lc
u
la

te
d

fr
o
m

th
e

E
in

st
ei

n
re

la
ti

o
n
.

T
h
e

co
m

m
o
n
ly

u
se

d
E

in
st

ei
n

re
la

ti
o
n

is
[ 3

6
]:

D
=

2 3
µ

ε̄
,

(7
2
)

w
h
ic

h
is

ex
ac

t
fo

r
a

M
ax

w
el

li
an

E
E

D
F

o
r

a
co

n
st

an
t

m
o
m

en
tu

m
-t

ra
n
sf

er
fr

eq
u
en

cy
(σ

m
in

v
er

se
ly

p
ro

p
o
rt

io
n
al

to
ε

1
/
2
)
b
u
tm

o
re

o
r
le

ss
ap

p
ro

x
im

at
e

fo
r
re

al
d
is

ch
ar

g
e

si
tu

at
io

n
s.

T
o

il
lu

st
ra

te
th

e
p
o
ss

ib
le

er
ro

rs
o
f

th
e

E
in

st
ei

n
re

la
ti

o
n
,fi

g
u
re

9
sh

o
w

s
th

e
d
if

fu
si

o
n

co
ef

fi
ci

en
t

in
ar

g
o
n

an
d

in
n
it

ro
g
en

ca
lc

u
la

te
d

ex
ac

tl
y

fr
o
m

eq
u
at

io
n

(6
2
)

an
d

ca
lc

u
la

te
d

fr
o
m

th
e

E
in

st
ei

n
re

la
ti

o
n
.

F
o
r

ar
g
o
n

th
e

E
in

st
ei

n
re

la
ti

o
n

is
o
ff

b
y

a
fa

ct
o
r

2
d
u
e

to
th

e
st

ro
n
g

en
er

g
y
-d

ep
en

d
en

ce
o
f

th
e

m
o
m

en
tu

m
-t

ra
n
sf

er
fr

eq
u
en

cy
;

fo
r

n
it

ro
g
en

th
e

er
ro

rs
ar

e
m

u
ch

sm
al

le
r.

O
n
e

m
u
st

re
al

iz
e,

h
o
w

ev
er

,
th

at
th

e
re

su
lt

s
o
f

o
u
r

B
E

so
lv

er
ar

e
ap

p
ro

x
im

at
io

n
s

as
w

el
l.

F
o
r

in
st

an
ce

,
m

o
re

d
et

ai
le

d
an

al
y
si

s
[3

7
]

sh
o
w

s
d
if

fe
re

n
t

d
if

fu
si

o
n

co
ef

fi
ci

en
ts

fo
r

tr
an

sp
o
rt

al
o
n
g

an
d

p
er

p
en

d
ic

u
la

r
to

th
e

el
ec

tr
ic

fi
el

d
d
ir

ec
ti

o
n
,w

h
er

ea
s

th
is

d
is

ti
n
ct

io
n

v
an

is
h
es

w
it

h
o
u
r

B
E

so
lv

er
b
as

ed
o
n

th
e

tw
o
-t

er
m

ex
p
an

si
o
n
.

R
ea

li
ze

al
so

th
at

fo
r

m
an

y
d
is

ch
ar

g
e

co
n
d
it

io
n
s

th
e

d
ri

ft
-d

if
fu

si
o
n

eq
u
at

io
n

it
se

lf
g
iv

es
a

ra
th

er
b
ad

d
es

cr
ip

ti
o
n

o
f

re
al

it
y,

w
it

h
o
u
t

th
is

h
av

in
g

to
o

se
ri

o
u
s

co
n
se

q
u
en

ce
s

fo
r

th
e

d
is

ch
ar

g
e

si
m

u
la

ti
o
n

as
a

w
h
o
le

[ 3
8
].

In
th

e
ca

th
o
d
e

re
g
io

n
o
f

d
c

d
is

ch
ar

g
es

th
e

d
ri

ft
-d

if
fu

si
o
n

eq
u
at

io
n

is
k
n
o
w

n
to

le
ad

to
la

rg
e

er
ro

rs
in

th
e

el
ec

tr
o
n

d
en

si
ty

w
it

h
o
u
t

se
ri

o
u
sl

y
af

fe
ct

in
g

th
e

re
st

o
f

th
e

d
is

ch
ar

g
e;

al
so

se
e

o
u
r

al
so

re
m

ar
k
s

in
se

ct
io

n
3
.3

.
F

u
rt

h
er

co
m

m
o
n

ap
p
ro

x
im

at
io

n
s

co
n
ce

rn
th

e
el

ec
tr

o
n

en
er

g
y

tr
an

sp
o
rt

.
M

an
y

fl
u
id

m
o
d
el

s
in

th
e

li
te

ra
tu

re
u
se

an

el
ec

tr
o
n

en
er

g
y

eq
u
at

io
n

w
h
er

e
(o

n
ce

w
ri

tt
en

as
eq

u
at

io
n

(6
0
))

th
e

en
er

g
y

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

ar
e

g
iv

en
b
y

µ
ε
=

5 3
µ

an
d

D
ε
=

5 3
D

.
(7

3
)

T
h
es

e
ap

p
ro

x
im

at
io

n
s

ca
n

b
e

d
er

iv
ed

b
y

as
su

m
in

g
a

M
ax

w
el

li
an

E
E

D
F
,

a
co

n
st

an
t

m
o
m

en
tu

m
-t

ra
n
sf

er
fr

eq
u
en

cy

an
d

co
n
st

an
t

k
in

et
ic

p
re

ss
u
re

[3
6
].

T
h
e

ap
p
ro

x
im

at
io

n
s

al
lo

w

th
e

se
p
ar

at
io

n
o
f

th
e

en
er

g
y

fl
u
x

in
to

a
p
ar

t
p
ro

p
o
rt

io
n
al

to
th

e

el
ec

tr
o
n

fl
u
x

an
d

a
p
ar

tp
ro

p
o
rt

io
n
al

to
th

e
g
ra

d
ie

n
to

f
th

e
m

ea
n

en
er

g
y,

as
in

cl
as

si
ca

l
fl

u
id

m
ec

h
an

ic
s:

Ŵ
ε
=

5 3
Ŵ

ε̄
−

5 3
n
D

∇
ε̄
,

(7
4
)

w
h
er

e
th

e
fa

ct
o
r

in
fr

o
n
t

o
f

th
e

en
er

g
y

g
ra

d
ie

n
t

is
th

e
el

ec
tr

o
n

th
er

m
al

co
n
d
u
ct

iv
it

y.

S
o
m

e
au

th
o
rs

[ 2
9

–
3
1
]

h
o
w

ev
er

av
o
id

th
e

ap
p
ro

x
im

at
io

n
s

g
iv

en
b
y

eq
u
at

io
n

(7
3
)

an
d

ca
lc

u
la

te
th

e
en

er
g
y

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

m
o
re

p
re

ci
se

ly
as

d
is

cu
ss

ed
in

se
ct

io
n

3
.2

.

T
o

il
lu

st
ra

te
th

e
d
if

fe
re

n
ce

b
et

w
ee

n
th

e
ap

p
ro

x
im

at
io

n
s

an
d

th
e

m
o
re

p
re

ci
se

ex
p
re

ss
io

n
s

g
iv

en
b
y

eq
u
at

io
n
s

( 6
1
)

an
d

(6
2
),

fi
g
u
re

9
al

so
sh

o
w

s
th

e
en

er
g
y

d
if

fu
si

o
n

co
ef

fi
ci

en
t

D
ε

ca
lc

u
la

te
d

fr
o
m

eq
u
at

io
n

( 6
2
)

an
d

m
u
lt

ip
li

ed
b
y

3
/
5
,

w
h
ic

h

(a
cc

o
rd

in
g

to
eq

u
at

io
n

(7
3
))

is
to

b
e

co
m

p
ar

ed
w

it
h

th
e

el
ec

tr
o
n

d
if

fu
si

o
n

co
ef

fi
ci

en
t
D

.
O

n
ce

ag
ai

n
th

e
d
if

fe
re

n
ce

is
ab

o
u
t

a
fa

ct
o
r

2
fo

r
ar

g
o
n

an
d

m
u
ch

sm
al

le
r

fo
r

n
it

ro
g
en

.

F
o
r

th
e

en
er

g
y

m
o
b
il

it
y

µ
ε

th
e

d
if

fe
re

n
ce

is
u
su

al
ly

m
u
ch

sm
al

le
r

th
an

fo
r
D

ε
.

T
o

o
u
r

k
n
o
w

le
d
g
e

th
e

co
n
se

q
u
en

ce
s

o
f

eq
u
at

io
n

(7
3
)
fo

r
fl

u
id

si
m

u
la

ti
o
n
s

h
av

e
n
ev

er
b
ee

n
in

v
es

ti
g
at

ed

sy
st

em
at

ic
al

ly
,

b
u
t

o
n
e

ca
n

im
ag

in
e

th
at

fo
r

so
m

e
g
as

es
th

ey

ar
e

q
u
it

e
si

g
n
ifi

ca
n
t.

5
.

C
o

n
cl

u
si

o
n

s

W
e

h
av

e
d
ev

el
o
p
ed

a
n
ew

u
se

r-
fr

ie
n
d
ly

B
E

so
lv

er
to

ca
lc

u
la

te

th
e

el
ec

tr
o
n

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

an
d

ra
te

co
ef

fi
ci

en
ts

th
at

ar
e

in
p
u
t

d
at

a
fo

r
fl

u
id

m
o
d
el

s.
O

u
r

B
E

so
lv

er
is

ca
ll

ed

th
e

B
O

L
S

IG
+

an
d

is
av

ai
la

b
le

as
a

fr
ee

w
ar

e
[ 1

8
].

T
h
e

so
lv

er
p
ro

v
id

es
st

ea
d
y
-s

ta
te

so
lu

ti
o
n
s

o
f

th
e

B
E

fo
r

el
ec

tr
o
n
s

in
a

u
n
if

o
rm

el
ec

tr
ic

fi
el

d
,

u
si

n
g

th
e

cl
as

si
ca

l
tw

o
-t

er
m

ex
p
an

si
o
n
,

an
d

is
ab

le
to

ac
co

u
n
t

fo
r

d
if

fe
re

n
t

g
ro

w
th

m
o
d
el

s,
q
u
as

i-
st

at
io

n
ar

y
an

d
o
sc

il
la

ti
n
g

fi
el

d
s,

el
ec

tr
o
n
–

n
eu

tr
al

co
ll

is
io

n
s

an
d

el
ec

tr
o
n
–
el

ec
tr

o
n

co
ll

is
io

n
s.

W
e

sh
o
w

th
at

fo
r

th
e

ap
p
ro

x
im

at
io

n
s

w
e

u
se

,
th

e
B

E
ta

k
es

th
e

fo
rm

o
f

a
co

nv
ec

ti
o
n
-d

if
fu

si
o
n

co
n
ti

n
u
it

y
-e

q
u
at

io
n

w
it

h
a

n
o
n
-l

o
ca

l

so
u
rc

e
te

rm
.

T
o

so
lv

e
th

is
eq

u
at

io
n

w
e

u
se

an
ex

p
o
n
en

ti
al

sc
h
em

e
co

m
m

o
n
ly

u
se

d
fo

r
co

nv
ec

ti
o
n
-d

if
fu

si
o
n

p
ro

b
le

m
s.

T
h
e

ca
lc

u
la

ti
o
n

ti
m

e
fo

r
o
n
e

E
E

D
F

is
o
n

th
e

o
rd

er
o
f

te
n
s

o
f

m
il

li
se

co
n
d
s

o
n

a
st

an
d
ar

d
2

G
H

z
P

C
.
T

h
e

ca
lc

u
la

te
d

el
ec

tr
o
n

co
ef

fi
ci

en
ts

ar
e

d
efi

n
ed

so
as

to
en

su
re

m
ax

im
u
m

co
n
si

st
en

cy

w
it

h
th

e
fl

u
id

eq
u
at

io
n
s.

S
p
ec

ia
l

ca
re

m
u
st

b
e

ta
k
en

o
f

th
e

tr
an

sp
o
rt

co
ef

fi
ci

en
ts

fo
r

el
ec

tr
o
n

en
er

g
y,

fo
r

w
h
ic

h
w

e

re
co

m
m

en
d

th
e

fo
rm

u
la

ti
o
n

p
ro

p
o
se

d
p
re

v
io

u
sl

y
b
y

A
ll

is
[ 2

9
].

W
e

h
av

e
il

lu
st

ra
te

d
th

e
in

fl
u
en

ce
o
f

se
v
er

al
n
o
n
-s

ta
n
d
ar

d

o
p
ti

o
n
s

in
cl

u
d
ed

in
o
u
r

B
E

so
lv

er
,

fr
eq

u
en

tl
y

o
v
er

lo
o
k
ed

b
y

u
se

rs
an

d
d
ev

el
o
p
er

s
o
f

fl
u
id

m
o
d
el

s.
T

h
e

re
su

lt
s

fr
o
m

o
u
r

B
E

so
lv

er
sh

o
w

th
at

g
ro

w
th

ef
fe

ct
s

si
g
n
ifi

ca
n
tl

y
re

d
u
ce

th
e

m
ea

n
el

ec
tr

o
n

en
er

g
y

an
d

th
e

io
n
iz

at
io

n
ra

te
co

ef
fi

ci
en

t;

th
er

e
ar

e
al

so
si

g
n
ifi

ca
n
t

d
if

fe
re

n
ce

s
b
et

w
ee

n
th

e
ex

p
o
n
en

ti
al

m
o
d
el

s
fo

r
te

m
p
o
ra

l
an

d
sp

at
ia

l
g
ro

w
th

.
E

le
ct

ro
n
–
el

ec
tr

o
n

co
ll

is
io

n
s

m
ay

st
ro

n
g
ly

in
cr

ea
se

th
e

ra
te

co
ef

fi
ci

en
ts

o
f

7
3
2

E
le

ct
ro

n
B

o
lt

zm
an

n
eq

u
at

io
n

so
lv

er
fo

r
fl

u
id

m
o
d
el

s

in
el

as
ti

c
co

ll
is

io
n
s

(e
x
ci

ta
ti

o
n
,

io
n
iz

at
io

n
)

fo
r

lo
w

el
ec

tr
o
n

m
ea

n
en

er
g
ie

s
(≪

th
re

sh
o
ld

en
er

g
y
)

an
d

io
n
iz

at
io

n
d
eg

re
es

o
f

1
0

−
5

an
d

h
ig

h
er

;
th

es
e

co
n
d
it

io
n
s

ar
e

p
re

se
n
t

in
so

m
e

co
m

m
o
n

g
as

d
is

ch
ar

g
es

.
A

si
m

il
ar

in
cr

ea
se

in
th

e
in

el
as

ti
c

ra
te

co
ef

fi
ci

en
ts

ca
n

b
e

d
u
e

to
su

p
er

-e
la

st
ic

co
ll

is
io

n
s

w
it

h

ex
ci

te
d

n
eu

tr
al

s
fo

r
ex

ci
ta

ti
o
n

d
eg

re
es

o
f

1
0

−
5

an
d

h
ig

h
er

.

In
H

F
o
sc

il
la

ti
n
g

fi
el

d
s

th
e

sh
ap

e
o
f

th
e

E
E

D
F

ca
n

b
e

st
ro

n
g
ly

m
o
d
ifi

ed
b
y

o
sc

il
la

ti
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Outline

� The particle distribution function

� The Boltzmann equation (kinetic equation for low temperature plasmas)

� The Boltzmann equation for electrons (the small anisotropy approximation)

� Solving the electron Boltzmann equation (difficulties and simplifications)

� The homogeneous electron Boltzmann equation

� Results for argon (atomic gas) - variation with E/N, ω/N and ne/N

� Results for nitrogen (molecular gas) - influence of the VDF



Key reference

C.M. Ferreira and J. Loureiro
Electron kinetics in atomic and molecular plasmas

Plasmas Sources Sci. Technol. 9 (2000), 528-540

Electron kinetics in atomic and molecular plasmas
The particle distribution function

To study the kinetic behavior of particles in a dis charge plasma ...

� description in configuration space

� description in velocity space (in energy space)

� description in time

Definition of the PARTICLE DISTRIBUTION FUNCTION



The particle distribution function F(r, v, t) represents the number of
particles per unit volume of phase space (r, v), at time t.

Electron kinetics in atomic and molecular plasmas
The particle distribution function

The number of particles per unit volume of configuration space, at position 
r and time t, with velocity components between vx and vx + dvx, vy and vy + 
dvy, and vz and vz + dvz is

� Normalization to the density of particles

� Normalization as a probability

Electron kinetics in atomic and molecular plasmas
The particle distribution function

� Thermodynamic equilibrium

Maxwellian isotropic distribution function

(thermal velocity)

The main problem in kinetic theory …

� Non-equilibrium situations

calculated from the solution to a kinetic equation



Electron kinetics in atomic and molecular plasmas
The Boltzmann equation (kinetic equation for low te mperature plasmas)

Rate of change of F

in time

in configuration space

in velocity space

due to collisions

Force acting on particles

� Gradient in configuration space

� Gradient in velocity space

Electron kinetics in atomic and molecular plasmas
The Boltzmann equation

The convective derivative of F (in phase space) ...



Electron kinetics in atomic and molecular plasmas
The Boltzmann equation

� In the absence of collisions

The density of particles in phase space is constant in time

x

vx

A

B

� In the presence of collisions

(scattering; production of new particles) 

Electron kinetics in atomic and molecular plasmas
The Boltzmann equation for electrons

Working conditions ...

� The total electric field acting on electrons has the form

dc space-charge field hf field at frequency ω
� No external magnetic field

� The electron distribution function F is expanded

in spherical harmonics in velocity space

in Fourier series in time



Electron kinetics in atomic and molecular plasmas
The Boltzmann equation for electrons

The small anisotropy approximation ...

� the electron mean free path is much smaller than any relevant dimension 

of the container, λe « L

� the energy gained from the electric field per collision by a representative 
electron is much smaller than the thermal energy of the electrons

� the oscillation amplitude of the electron motion under the action of the hf 
field is small as compared to L

� the characteristic frequency for the electron energy relaxation by collisions

is much smaller than the oscillation frequency of the hf field, τe
-1 « ω

Isotropic component
(energy relaxation)

Anisotropic components
(transport)

Electron kinetics in atomic and molecular plasmas
The Boltzmann equation for electrons

The two-term expansion ...

� The isotropic equation

� The anisotropic equations

> 0

< 0

elastic collision operator

inelastic collision operator



Electron kinetics in atomic and molecular plasmas
The Boltzmann equation for electrons

The inelastic collision operator ...

GROUND STATE
0

Exc. νj Ion. νi

Vj

Vi

u = m v 2 / 2

u + du

u

u – V j

u + V j

Entrance Exit

Electron kinetics in atomic and molecular plasmas
Solving the electron Boltzmann equation

Difficulties ...

� Crossed space and velocity terms involving Es (r)  ⇒

� Self-consistent calculation of Es (r) involves coupling to ion kinetics



Electron kinetics in atomic and molecular plasmas
Solving the electron Boltzmann equation

Space-charge separation ...
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OK at high pressures

Electron kinetics in atomic and molecular plasmas
Solving the electron Boltzmann equation

Ionization is treated like an 
ordinary excitation mechanism



Electron kinetics in atomic and molecular plasmas
The homogeneous electron Boltzmann equation

� The electron energy distribution function

� The time-average energy gained from the hf field per collision

The total upflux in energy space

The applied field energy gain

The elastic collision energy losses

u = m v 2 / 2

u + du

u

u – V j

u + V j

INELASTIC

SUPERELASTIC

Electron kinetics in atomic and molecular plasmas
The homogeneous electron Boltzmann equation

The collision operator…



Electron kinetics in atomic and molecular plasmas
The homogeneous electron Boltzmann equation

� Boundary conditions

� Solution for no inelastic collisions

Druyvestein’s electron distribution function

Electron kinetics in atomic and molecular plasmas
Input data

Collision frequencies …

( ) 2/12, meuNq ijiσν =

0

0

≠

= =

i

i

N

NN ⇒ Gas density

⇒ Collisional-radiative model

( ) 2/12 meuN cc σν =



Inelastic collisions 
from ground-state

Electron kinetics in atomic and molecular plasmas
Input data

Inelastic + superelastic collisions 
from excited states

Electron kinetics in atomic and molecular plasmas
Input data



Data from…
� Bibliography
� Databases (e.g. LXCat: www.lxcat.net)

Electron kinetics in atomic and molecular plasmas
Input data

Cross sections…

Electron kinetics in atomic and molecular plasmas
Input data

Independent reduced parameters …

Independent parameters



Electron kinetics in atomic and molecular plasmas
Results for argon (atomic gas)

Electron kinetics in …
Results for argon (atomic gas)

Variation with E/N …

E/N

10-18 < E/N < 10-15 (V cm 2)
ω = 0



Electron kinetics in atomic and molecular plasmas
Results for argon (atomic gas)

Average power transferred from the hf field to elect rons of energy u

� dc case (ω = 0)

No collisions ⇒ increased heating

� hf case (ω >> νc )

No collisions ⇒ no heating

Variation with ω/N ...

ω/N

ω/N = 0

Electron kinetics in …
Results for argon (atomic gas)

Variation with ω/N ... 10-7 < ω/N < 10-5 (cm 3 s-1)
E/N = 10-16 V cm 2



Electron kinetics in atomic and molecular plasmas
Results for argon (atomic gas)

A
B

C

D

ω/N (cm 3 s-1)
A: 0
B: 10 -7

C: 1.6x10 -7

D: >> 1

ε = 3.5 eV

Variation with ω/N ... Influence of νc/N ...

0 10 20 30 40
0

4

8

12

16

σ cu
 ~

 ν
c/N

 (
a.

u.
)

 

 

u (eV)

σ c (
10

16
 c

m
2 )

0

100

200

300

  

 

0.0 0.4 0.8 1.2 1.6 2.0
0

2

4

6

8

 

  

 

Electron kinetics in atomic and molecular plasmas
Results for argon (atomic gas)

A
B

C

D

ω/N (cm 3 s-1)
A: 0
B: 10 -7

C: 1.6x10 -7

D: >> 1

ε = 3.5 eV

Non-physical solution



Electron kinetics in atomic and molecular plasmas
Results for argon (atomic gas)

Influence of electron-electron collisions ...

Independent parameters

Electron kinetics in …
Results for argon (atomic gas)

Variation with ne/N ...

A: 

ω/N = 0
E/N = 3x10-16 V cm 2

B:

ω/N = 2x10-6 cm 3 s-1

E/N = 3x10-15 V cm 2

ne / N

0, full

10-4, dashed

A

B



Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

Modifications to the homogeneous electron Boltzmann  equation ...

Populations of vibrational excited levels



Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

Rate balance equations for the vibrational levels . ..

� electron-vibration

Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

Rate balance equations for the vibrational levels . ..

� vibration-translation



Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

Rate balance equations for the vibrational levels . ..

� vibration-vibration Atom kinetics

Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

Independent parameters ...

Vibrational temperature



Electron kinetics in atomic and molecular plasmas
Results for nitrogen (molecular gas)

TV = 2000 K

3000 K

4000 K

6000 K

E/N = 10-15 V cm 2

ω/N = 0

E/N = 10-15 V cm 2

ω/N = 0

2000 K

6000 K

6000 K

TV = 2000 K



Fluid Modelling of dc Discharge Plasmas
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Outline

� Introduction

� Moments of the electron Boltzmann equation (dc case)

� The positive column of a dc discharge plasma

� Fluid model of a dc positive column (equations, boundary conditions, eigenvalues)

� Classical ambipolar solution - high pressure limit 
(Bessel solution and Schottky condition)

� Application to a discharge in helium



L.L. Alves
Fluid modelling of the positive column of direct-current glow discharges

Plasma Sources Sci. Technol. 16 (2007), 557-569

Key reference

Fluid modelling of dc discharge plasmas
Introduction

FLUID MODELLING OF DC DISCHARGE PLASMAS

Hidrodynamic (fluid) transport equations
for electrons and ions



Fluid modelling of dc discharge plasmas
Introduction

Direct-current discharge (ω=0)

FLUID MODELLING OF DC DISCHARGE PLASMAS

Fluid modelling of dc discharge plasmas
Introduction

Details on plasma excitation
Definition of boundaries 

FLUID MODELLING OF DC DISCHARGE PLASMAS



Fluid modelling of dc discharge plasmas
Moments of the electron Boltzmann equation (dc case)

Fluid modelling of dc discharge plasmas
Moments of the electron Boltzmann equation (dc case)

Particle balance equation

Energy balance equation

Particle flux equation

Energy flux equation



The electron particle balance equation (continuity equation)

Fluid modelling of dc discharge plasmas
Moments of the electron Boltzmann equation (dc case)

Fluid modelling of dc discharge plasmas
Moments of the electron Boltzmann equation (dc case)

The electron flux equation

Drift-diffusion approximation

The electron transport coefficients

Electron free diffusion coefficient

Electron mobility



Fluid modelling of dc discharge plasmas
Moments of the electron Boltzmann equation (dc case)

The electron energy balance equation

Fluid modelling of dc discharge plasmas
Moments of the electron Boltzmann equation (dc case)

The electron energy flux equation

Drift-diffusion approximation

The electron energy transport coefficients

Diffusion coefficient for elec. energy transport

Mobility for elec. energy transport

Electron mean energy (density)



( )0,, 1
0

0
0 =⇒ NNEFF ω

r

All macroscopic quantities obtained by integration over the eedf
are exclusive functions of the independent reduced para meters 

included) e(e,case) dc-(non, −
N

n

NN

E eω

Fluid modelling of dc discharge plasmas
Electron parameters
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1 Td ≡ 10-17 V cm2

Fluid modelling of dc discharge plasmas
Electron parameters (example): reduced free diffusi on coefficient



Fluid modelling of dc discharge plasmas
The positive column of a dc discharge plasma

Fluid modelling of dc discharge plasmas
The positive column of a dc discharge plasma

Radial dc space-charge field Axial external field
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� Reduced independent variables used in fluid description
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Fluid modelling of dc discharge plasmas
Fluid model of a dc positive column

Electron transport equations (4x 1 st order PDE’s)

� Solution: radial profiles of

Fluid modelling of dc discharge plasmas
Fluid model of a dc positive column

Poisson’s equation (1 st order PDE)

� Solution: radial profile of



Fluid modelling of dc discharge plasmas
Fluid model of a dc positive column

� Solution: radial profiles of

Ion transport equations (2x 1 st order PDE’s)
(moments of the ion Boltzmann equation)

Table constructed by solving the homogeneous electron Boltzmann equation

E /N  ε D e  µ e ν I ... 

x  x  x  x  x   
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Local field 
approximation (LFA)

ε(r) Local mean energy 
approximation (LEA)

Fluid modelling of dc discharge plasmas
Fluid model of a dc positive column

Spatial dependence for the electron transport param eters



Fluid modelling of dc discharge plasmas
Fluid model of a dc positive column

� Axi-symmetry conditions � Wall flux conditions

Boundary conditions

⇒ 8 boundary conditions
� Axis electron density

� Current conservation

Fluid modelling of dc discharge plasmas
The wall boundary condition

Totally absorbing wall
(@ r=R )

No backward flux



Fluid modelling of dc discharge plasmas
Fluid model of a dc positive column

Eigenvalue calculation

� Discharge parameters

� Eigenvalue calculation

� Discharge current

Fluid modelling of dc discharge plasmas
Classical ambipolar solution - high pressure limit

Flux conservation

Quasi-neutrality

� Ambipolar diffusion coefficient

� Characteristic energy

⇒



Fluid modelling of dc discharge plasmas
Classical ambipolar solution - high pressure limit

⇒

� Bessel solution

� Effective diffusion length

SCHOTTKY CONDITION

Fluid modelling of dc discharge plasmas
Classical ambipolar solution - high pressure limit

Eigenvalue calculation

� Boundary condition: zero density at wall

EIGENVALUE

� Electron gain/loss balance



Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Working conditions

� Pressure 0.1 - 10 Torr

� Discharge currents 50, 150, 200 mA

� Gas temperature 500 K

� Radius 1 cm

Schottky condition (for model results at high pressures) ⇒ Λeff = 0.37

Zero density at wall (typical ambipolar boundary condition) ⇒ Λeff (amb) = 0.42

Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Charged particle radial profiles
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Space-charge field radial profile
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Space-charge potential radial profile
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Plasma wall potential vs. NR
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Electron mean energy radial profile

0.0 0.2 0.4 0.6 0.8 1.0
1

4

7

10
50 mA
150 mA
200 mA

 simulation
 measurement (x 1.15)  

         [Kimura et al (1995)]

p = 0.4 Torr

p = 5 Torr

 

 

r/R

ε 
(e

V
)

Axis value



Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Electron mean energy at discharge axis vs. NR

1 10
1

10

50 mA
200 mA

simulations (x 0.5)
,

measurements
 Kaneda (1979) 
, , ,  

Dote and Shimada (1982), Sato (1993) 

pR (torr cm)

 

NR (1016 cm-2)

ε(
0)

 (
eV

)

1 10

 

0.0 0.2 0.4 0.6 0.8 1.0

-200

-100

0

100

200

Joule heating from E Z

Convection flow
Flow against E r

Collisions (el. + inel.)

Idc = 50 mA
p = 0.3 torr

T
ot

al
 fr

ac
tio

na
l p

ow
er

 tr
an

sf
er

 (
%

)

  

 

 r/R

Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Power transfer radial profile

Percentages are calculated 
relative to the total 

(radially integrated across the discharge) 
power gained from the field
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Power transfer radial profile

Percentages are calculated 
relative to the total 

(radially integrated across the discharge) 
power gained from the field
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Power transfer radial profile

Percentages are calculated 
relative to the total 

(radially integrated across the discharge) 
power gained from the field
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Power transfer radial profile

Percentages are calculated 
relative to the total 

(radially integrated across the discharge) 
power gained from the field
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Fluid modelling of dc discharge plasmas
Application to a discharge in helium

Power transfer radial profile
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Final remarks
Modelling – looks complicated

Modelling – practical results: discharge characteris tic (in helium)

Discharge 
coupled power

Final remarks
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It’s time for some more questions !




